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Abstract. The process of parametric down-conversion pumped by a short coherent pulse is
analysed. The coherence properties of the down-converted field are investigated. It is found
that the spectrum of the down-conversion is mostly determined by the nonlinear medium and
is independent of the width of the short pumping pulse and that it is impossible to realize a
transform-limited two-photon state. Fourth-order interference between a weak coherent pulse
and the down-converted pulse is considered. It is found that high visibility near 100% is
achievable by means of narrow optical filtering. It is shown that by gating the detection on
one of the down-converted photons, a transform-limited single-photon pulse is achievable in the
other conjugate field, but its pulse width is shorter than that of the down-converted pulse and
its peak position is uncertain within the pulse width of the down-converted light. However,
with narrow optical filtering on the gating detection process, a transform-limited single-photon
state can be obtained in the gated field with its peak position synchronized to the pump pulse.
The possibility for the realization of a multi-photon interference experiment is explored for the
quantum state measurement of the single-photon state.

1. Introduction

Quantum interference with a pair of correlated photons has played an important role in
the recent developments in the fundamental study of quantum nonlocality [1–5]. Even
though more dramatic nonlocality violation involves more than two particles [6–8], new
violations of locality by quantum mechanics are still being discovered that are associated
with a pair of photons [9, 10]. Moreover, the two-photon interference effect has recently
been employed to demonstrate an ideal quantum eraser [11, 12]. On the one hand,
most of the two-photon sources employed in quantum interference come from the process
of parametric down-conversion. This has limited its application to mostly quantum
interference [13] and locality violation [14]. On the other hand, in the newly emerging
field of quantum information processing [15, 16], quantum state manipulation depends
on quantum superposition among different sources, which leads to quantum interference
between independent fields. Furthermore, some of the new dramatic violations of locality
by a single photon also require quantum interference between independent quantum sources
[8, 17, 18].

As a matter of fact, the first experiment in fourth-order interference was performed with
two independent coherent sources as early as in 1967 [19]. However, since classical sources
were used, the visibility of the interference was limited to less than 50% [20], which makes
it useless for quantum information processing. Detailed quantum theory for interference
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with independent sources was not available until 1988 [20]. But because of the success in
quantum interference with correlated sources, this issue was set aside until recently.

Several proposals have been made to investigate quantum interference between two
independent sources. Among them are the demonstration of nonlocal phase correlation in
a parametric down-conversion process [21], nonlocality of a single-photon state [17, 18],
quantum state teleportation [22] and the realization of multi-photon entangled states [8].
These phenomena rely on interference between a quantum state and a classical coherent
state or between two independent quantum states. High visibility of the interference pattern
is required in these phenomena. Another interesting quantum interference effect between
two independent sources occurs when a single-photon state is homodyned with a strong
coherent state of light, where multi-photon interference is exhibited in the photon number
statistics [23, 24].

It has been shown [20] that visibilities as high as 100% can be achieved in fourth-order
interference with independent quantum sources possessing sub-Poissonian photon statistics.
On the one hand, the condition for high visibility requires that the response time of the
photodetectors be much smaller than the intensity correlation time of the light sources
involved. So far, the sole efficient source with sub-Poissonian photon statistics has been the
process of parametric down-conversion. But the spontaneous parametric down-conversion
process has a wide bandwidth of the order of 1013 Hz with a correlation time of less
than 10−13 s, well below the response time (∼10−10 s) of the best photodetectors with
current technology. Of course, optical filtering can be applied to reduce the bandwidth
but at the expense of a significant decrease in the signal level, though active filtering may
overcome the problem of decreased signal level. On the other hand, the quantum theory
in [20] for the interference between two independent sources was based on stationary
fields (continuous wave). Rarity [25] recently proposed the use of a pulsed laser for
precise timing of photodetection in order to avoid the problem of a slow detector. Under
certain conditions, it was shown that near 100% visibility can be achieved in fourth-
order interference between two independent sources of a single-photon state. However,
in his analysis Rarity did not consider the phase-matching condition imposed on the pump
frequency in the parametric down-conversion process. This phase-matching condition will
substantially limit the performance of a short pumping pulse because the response from the
nonlinear medium is slower than the fast process of the pump pulse.

For an interference effect involving nonstationary sources, we need to consider the
temporal mode overlap between the two interference fields, as well as the overlap of their
spatial distribution, in order to achieve high visibility [26]. Such a temporal overlap can
be enforced by optical filters as in the treatment by Rarity. On the one hand, passive
optical filtering can be modelled as a beamsplitter which may result in the reduction of the
quantum state through the introduction of noise in the vacuum field and therefore change
the quantum state of the field. On the other hand, since fourth-order interference depends
on a coincidence measurement, the optical filter simply reduces the coincidence rate and
is still a better technique for achieving high visibility. The question is then: what is
the requirement on the filters for high visibility in fourth-order interference involving the
parametric down-conversion process pumped by a short pulse?

It is known that a single-photon state can be realized by gated detection in parametric
down-conversion [27]. With pulsed pumping, one would expect that the two-photon
wavepacket will take the temporal profile of the pump and therefore produce a transform-
limited two-photon pulse. However, because of the finite response bandwidth of the
nonlinear medium due to the phase-matching condition, the down-converted fields will
have a much wider temporal profile than the ultra-short pump pulse, as we will show in
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the following sections. In this case, can we still generate a transform-limited single-photon
state by gated detection?

We will answer these questions in this paper. We start in section 2 by first treating
systematically the process of parametric down-conversion pumped by a coherent pulse
laser. This will provide us with the quantum state for the down-converted fields so that we
can study their coherence properties. We will examine whether or not the down-converted
fields are transform-limited. We then investigate in section 3 the condition under which
high visibility in fourth-order interference between independent sources can be achieved.
The problem of multi-photon interference with pulsed sources will be discussed in section 4.
We will show how to obtain a transform-limited single-photon state.

2. The process of parametric down-conversion with pulsed pumping

The process of parametric down-conversion has been studied by a number of researchers
with different emphasis [28, 29]. However, almost all of them assumed a CW pumping
field, which is usually monochromatic. Even though in some treatments, the bandwidth of
the pumping is nonzero, no coherence among the frequency components is assumed. Thus
the pump field is a stationary field. For a nonstationary pumping pulse, the field amplitude
can be decomposed into its Fourier components in the following form:

Ep(t) = 1√
2π

∫
dω ap(ω)e

−jω(t−tp) (1)

where ap(ω) has a definite phase relation among differentω and is a slowly changing
function of ω (slower than ejωtp ). Let the spectrum of the pump field be centred atωp
and its bandwidth be denoted by1ωp. Then the pump pulse has a temporal width that is
the reciprocal bandwidth ofa(ω): 1Tp = 1/1ωp and is centred att = tp. Let us further
assume that the pump field propagates in a fixed direction denoted by the unit vectorEκp.
In the parametric down-conversion process, the quantum fluctuation of the pump field does
not influence the outcome, so we treat it as a classical field here.

By starting with the interaction Hamiltonian for the parametric process and following
the steps in [29], we may easily derive the state for the generated fields as

|8〉 =
∫

d3ks d3ki dωp ap(ωp)e
jωptp8(ωp, Eks, Eki)δ(ωp − ωs − ωi)â†Eks â

†
Eki |vac〉 (2)

where

8(ωp, Eks, Eki) = C(ωs, ωi)
3∏

m=1

sinc[(Ekp − Eks − Eki)mlm/2] (3)

with

Ekj = nj (ωj )

c
ωj Eκj (j = s, i, p). (4)

Here we denote the pump field byp and the two down-converted fields bys andi. Eκj is the
unit vector of propagation for the corresponding fields.lm (m = 1, 2, 3) is the interaction
length of the nonlinear medium.C(ωs, ωi) is a slowly changing normalization function of
ωs, ωi . The sinc function in8 gives rise to the phase-matching condition for the down-
converted fields. In the derivation we have also assumed that the system (nonlinear medium
and pump laser) has been ready for a long time so that the interaction time can be taken
to be infinity. This gives rise to theδ-function in 8 for the frequencies of the fields to
guarantee the energy conservation at single-photon level.
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For simplicity, let us only consider those down-converted fields that propagate in the
same direction as the pump field. Then the quantum state can be simplified as

|8〉 =
∫

dωp dωs dωi ap(ωp)e
jωptp8(ωp, ωs, ωi)δ(ωp − ωs − ωi)â†s (ωs)â†i (ωi)|vac〉 (5)

with

8(ωp, ωs, ωi) = C(ωs, ωi) sinc(1kl/2) (6)

where1k ≡ kp − ks − ki is the phase mis-matching andl is the length of the nonlinear
medium. The function8 will determine the response of the nonlinear medium to the pulsed
excitation by the pump field. Its bandwidth is mostly determined by the phase-matching
condition that is governed by the sinc function of8. Assume that the phase-matching
condition is satisfied for the down-converted fields at frequenciesωs0 andωi0 and for the
pump field at the centre frequencyωp0, that is,

kp(ωp0)− ks(ωs0)− ki(ωi0) = 0. (7)

Setωp = ωp0 + �p andωs = ωs0 + �p/2+ � in equation (5). Then we have from the
energy conservation condition (theδ-function in equation (5)):

ωi = ωi0+�p/2−� (8)

and equation (5) becomes

|8〉 =
∫

d�p d�ap(�p)e
j�ptp8(�p,�)â

†
s (�p/2+�)â†i (�p/2−�)|vac〉 (9)

with

8(�p,�) = C(�p/2+�,�p/2−�) sinc[1k(�p,�)l/2] (10)

where we omit the centre frequencies for brevity. By expanding around phase-matching
frequencies,1k(�p,�) can be written as

1k(�p,�) ≡ kp(ωp)− ks(ωs)− ki(ωi)
= (k′p − 1

2(k
′
i + k′s)

)
�p + (k′i − k′s)�+ 1

2

(
k′′p − 1

4(k
′′
i + k′′s )

)
�2
p

+ 1
2(k
′′
i − k′′s )�p�− 1

2(k
′′
s + k′′i )�2 (11)

wherek′m = dkm/dωm, k′′m = d2km/dω2
m (m = s, i, p). Since we will discuss interference

between independent fields, the centre frequency for the two down-converted fields is
preferred to be the same. So we will be mostly interested in the degenerate case where
ωs0 = ωi0 = ωp0/2. Furthermore, for the degenerate type I phase matching, we have
k′s = k′i andk′′s = k′′i . Thus equation (11) becomes

1k(�p,�) = (k′p − k′s)�p + (2k′′p − k′′s )�2
p/4− k′′s �2. (12)

The bandwidth of the function8(�p,�) is then deduced from the sinc function in
equation (11) by using the following relation:

|1k(�p,�)|l 6 π/2 (13a)

or

|(k′p − k′s)�p + (2k′′p − k′′s )�2
p/4− k′′s �2|l 6 π/2. (13b)

Thus the bandwidth of8 as a function of�p is determined by1�p ≡ π/2l|(k′p − k′s)|,
while that for� is given by1� ≡ √

π/2lk′′s . Since1� arises from the second-order
term and1�p from the first-order term in equation (12), we usually have1�p � 1�.
Even thoughk′s 6= k′i for type II phase-matched down-conversion so that1� also comes
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from the first-order term in equation (11), the dispersion in a nonlinear medium will make
|k′p − (k′i + k′s)/2| � |k′s − k′i | and we still have1�p � 1� = π/2l|(k′i − k′s)|. In the
remainder of the paper, we assume that the pump pulse is very short so that the pump
spectrum is wider than both1�p and 1�, that is,1ωp � 1�p. Then ap(�p) is a
slowly-varying quantity compared with8(�p,�) and does not play a role in the integral
in equation (9). Thus the effect of the ultra-short pulse will be limited by1�p, which can
be thought of as the equivalent pumping bandwidth.1� is the intrinsic down-conversion
bandwidth which corresponds to the case with a monochromatic pump field. The overall
bandwidth of the down-converted fields with a pulsed pump is determined by equation (9)
as a convolution between the bandwidths of1�p and1�.

Let us now examine the coherence properties of the down-converted fields. We first
find the intensity〈Îs,i (t)〉 = 〈Ê(−)s,i (t)Ê

(+)
s,i (t)〉, whereÊ(+)s,i (t) =

∫
dω âs,i(ω)e−jωt/

√
2π are

the field operators for the down-converted fields. It is straightforward to show that

〈Îs (t)〉 = 〈Îi (t)〉 =
∫

d�′ |Ap(t,�′)|2 (14)

with

Ap(t,�
′) ≡ 1√

2π

∫
d�p ap(�p)8(�p,�p/2+�′)e−j(�p+�′)(t−tp). (15)

Obviously, the intensity of the down-converted fields is time dependent. It forms a pulse
centred att = tp or the centre of the pump pulse. The temporal width of the pulse is
determined by that ofAp(t,�′). For a short pump pulse with1ωp � 1�p,1�, the
temporal width for the down-converted field can be derived from equation (15) as

1Ts,i = max(1/1�p, 1/1�). (16)

On the other hand, we may rearrange equation (9) as follows:

|8〉 =
∫

d�1 d�2 ap(�1+�2)e
j�ptp8(�1+�2, (�1−�2)/2)â

†
s (�1)â

†
i (�2)|vac〉. (17)

Hence, the bandwidth for the down-converted fields is determined by the range of�1 or
�2 allowed in equation (17). From equation (13), we find

�1+�2 < 1�p |�1−�2| < 1� (18a)

which results in the range for�1, �2:

|�1|, |�2| ∼ (1�p +1�)/2. (18b)

Hence the bandwidth for�1, �2 is

1�s,1�i ∼ (1�p +1�). (18c)

Thus the bandwidth of the down-conversion is determined by the sum of1�p for the
medium response bandwidth and1� of the intrinsic down-conversion bandwidth.

Combining equations (16) and (18c), we may conclude that the down-converted fields
will never be transform-limited because we always have1�s,i > 1/1Ts,i , or in other
words, we can never obtain a transform-limited two-photon state from the down-conversion
process.

This conclusion can be further confirmed by considering the correlation function

γ (t1, t2) ≡ |〈Ê
(−)(t2)Ê(+)(t1)〉|2
〈Î (t1)〉〈Î (t2)〉

. (19)
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The necessary and sufficient condition for an optical field to be transform limited is simply
γ (t1, t2) = 1 for all t1, t2. It is straightforward to show by using equation (9) as the quantum
state

〈Ê(−)s (t2)Ê
(+)
s (t1)〉 =

∫
d�′Ap(t1, �′)A∗p(t2, �

′) (20)

whereAp(t,�′) is given in equation (15). By using the Schwartz inequality, we have∣∣∣∣ ∫ d�′Ap(t1, �′)A∗p(t2, �
′)
∣∣∣∣2 6 ∫ d�′ |Ap(t1, �′)|2

∫
d�′ |Ap(t2, �′)|2. (21)

Combining equations (14), (20) and (21), we have

|〈Ê(−)s (t2)Ê
(+)
s (t1)〉|2 6 〈Îs (t1)〉〈Îs (t2)〉 or γ (t1, t2) 6 1. (22)

The equality sign in the above relation stands if and only if

Ap(t1, �
′) = CAp(t2, �′) with C = C(t1, t2). (23)

C is independent of�′. An examination of equation (15) with (10) for8(�p,�) shows
that it is impossible to satisfy equation (23). Therefore,γ (t1, t2) < 1 for t1 6= t2 and the
signal and idler fields can never be transform limited.

This fact may influence the temporal mode match in the quantum interference between
independent sources.

3. Fourth-order interference between independent nonstationary sources

Fourth-order interference involves coincidence measurement of two photons. For
interference between two independent sources, it is known [20] that in order to achieve
high visibility, at least one of the fields must have sub-Poissonian photon statistics. A
single-photon state can be produced from the process of parametric down-conversion by
gating the detection of one of the down-converted fields on the detection of the other
conjugate field [27]. So let us consider interference between coherent pulses and the signal
field from down-conversion. As shown in figure 1, the signal field is first divided by a
50:50 beamsplitter. The divided beams are then mixed, respectively, with two coherent
pulses by beamsplitters BS1,2. A coincidence measurement on the two output fields of the
beamsplitters BS1,2 is performed. In order to obtain a single-photon state for the signal field,
we gate the coincidence measurement on the detection of the idler field. Such a scheme
was first proposed by Tanet al to demonstrate nonlocality of a single photon [17].

Let us denote the field operator for the coherent pulses byÊ (+)1,2 (t). Assume that the
coherent pulses propagate in a fixed direction. Then the field operator can be expressed in
terms of the annihilation operatorb̂1,2(ω) as

Ê (+)1,2 (t) =
1√
2π

∫
dω b̂1,2(ω)e

−jωt . (24)

For coherent pulses, the quantum states|B〉1,2 can be described by the following relation:

b̂1,2(ω)|B〉1,2 = β1,2(ω)e
jωtp |B〉1,2 (25)

whereβ1,2(ω) are slowly varying functions ofω with a definite phase relation for different
ω in order to form coherent pulses, the widths of which are determined by the reciprocal
of the bandwidth1ω1,2 of β1,2(ω). The coherent pulses are centred att = tp and therefore
are synchronized to the pump pulse.



Parametric down-conversion with coherent pulse pumping 605

Figure 1. Fourth-order interference between the signal field of the down-conversion and coherent
fields gated by the detection of the idler field.

The output fields of the two beamsplitters can be expressed as

Ê
(+)
1 (t) = 1√

2

{
Ê (+)1 (t)+ j√

2

[
Ê(+)s (t)+ jÊ(+)0 (t)

]}
Ê
(+)
2 (t) = 1√

2

{
Ê (+)1 (t)+ j√

2

[
jÊ(+)s (t)+ Ê(+)0 (t)

]} (26)

whereÊ(+)0 (t) = ∫ dω â0(ω)e−jωt/
√

2π is the field operator for the vacuum input port of the
first beamsplitter. In order to enforce temporal mode overlap between the two interfering
fields for high visibility in the interference, we put optical filters in front of the detectors.
Let us denote the transmission of the filters byf1(ω), f2(ω), fi(ω), which are all centred at
ωp0/2 and have a bandwidth of1�f 1,f 2,f i . Then the field operators at the detectors have
the form of

Ê
(+)
D1 (t) =

∫
dω

1√
4π

{[
b̂1(ω)+ j√

2
[âs(ω)+ jâ0(ω)

]}
f1(ω)e

−jωt

Ê
(+)
D2 (t) =

∫
dω

1√
4π

{[
b̂2(ω)+ j√

2
[j âs(ω)+ â0(ω)

]}
f2(ω)e

−jωt

Ê
(+)
Di (t) =

1√
2π

∫
dω âi(ω)fi(ω)e

−jωt .

(27)

The coincidence rate between D1 and D2 gated on the detection of the idler field is then
proportional to the quantity

P(Tc, Tg, TR) =
∫
TR

dt
∫
Tc

dτ2

∫
Tg

dτ1G(t, t + τ1, t + τ1+ τ2) (28)
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with

G(t1, t2, t3) = 〈8,B|Ê(−)Di (t1)Ê
(−)
D2 (t2)Ê

(−)
D1 (t3)Ê

(+)
D1 (t3)Ê

(+)
D2 (t2)Ê

(+)
Di (t1)|8,B〉. (29)

HereTg is the gating time after the detection of a photon at Di, Tc is the coincidence time
between D1 and D2, andTR is the resolution time for detector Di. Normally, Tg,c are of
the same order as the resolution timeTR.

With the states|8,B〉 given in equations (9) and (25), it is straightforward to calculate
the quantityG(t1, t2, t3). After some lengthy derivation, we arrive at

G(t1, t2, t3) = 1
8|B1(t3)g2(t1, t2)+ B2(t2)g1(t1, t3)|2+ 1

4|B1(t2)B2(t3)|2IDi (t1) (30a)

with

gk(t, t
′) = 1

2π

∫
d� d�p ap(�p)e

j�ptp8(�p,�)fk(�p/2+�)

×fi(�p/2−�)e−j(�p/2+�)t ′e−j(�p/2−�)t (k = 1, 2) (30b)

and

Bk(t) = 1√
2π

∫
dω fk(ω)βk(ω)e

−jω(t−tp) (k = 1, 2). (30c)

IDi (t1) is the intensity of the idler field after the filter. The last term in equation (30a) is the
accidental coincidence which comes from the coherent pulse while the first term corresponds
to interference. In order to have close to 100% visibility for interference, it is desirable to
make the coherent pulses as weak as possible so that we can omit the last term which is in
a quadratic form of|B1,2(t)|2 [17, 20]. Then we have

G(t1, t2, t3) = 1
4|B1(t3)g2(t1, t2)+ B2(t2)g1(t1, t3)|2. (31)

An interference fringe will show up in the gated coincidence countP(Tg, Tc, TR) as a
function of the phase difference betweenB1 andB2.

Obviously, if Tg, Tc, TR � 1/1�, 1/1�p,1ω,1/1�f , we will have

P(Tg, Tc, TR) = G(0, 0, 0)TgTcTR = 1
4TgTcTR|B1(0)g2(0, 0)+ B2(0)g1(0, 0)|2. (32)

Hence we will always obtain 100% visibility for the interference fringe if we can make
|B1(0)g2(0, 0)| = |B2(0)g1(0, 0)| by adjusting the ratio between the intensities of the
coherent pulses. The condition onTg, Tc, TR requires that the response of the detectors
be much faster than the fluctuations of the fields. This is exactly what was derived in
[20] for stationary fields. On the other hand, ifTg, Tc, TR � 1/1�, 1/1�p, 1/1�f , the
integration in equation (28) is over a range that is wider than that of the functionsg1,2(t, t

′)
andB1,2(t). In order to achieve 100% visibility in the interference pattern, we require the
temporal shapes ofB1,2(t) andg1,2(t, t

′) be matched. This is the so-called temporal mode
match [27]. Because of the complexity in the function8(�p,�), it is hard to matchB1,2(t)

andg1,2(t, t
′) without the aid of the filters. The role of the filters is to enforce the matching

of the temporal shapes of the coherent pulses and the down-converted fields. Let us now
examineB1,2(t) andg1,2(t, t

′) more closely by setting�1 = �p/2+� and�2 = �p/2−�
in equation (30b). Then we have

g1,2(t, t
′) =

∫
d�1 d�2 ap(�1+�2)8(�1+�2, (�1−�2)/2)

×f1,2(�1)fi(�2)e
−j�1(t

′−tp)e−j�2(t−tp). (33)
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The only way thatg1,2(t, t
′) can be matched toB1,2(t) is whenf1(�) = f2(�) ≡ f (�) and

the bandwidths of the filters (f1, f2, fi) are much smaller than the bandwidths1�p,1�
and1ω, or

{1�f 1,1�f 2,1�f i} � {1�p,1�,1ω} (34)

so that the pulse widths for bothB1,2(t) andg1,2(t, t
′) are determined by the bandwidth of

f (�). Under this condition, we may make the approximation by replacingap(�1 + �2)

with ap(0) and8(�1 +�2, (�1 −�2)/2) with 8(0, 0) in the integration in equation (33)
andβ1,2(ω) with β1,2(0) in equation (30c). Thus we have

g(t1, t2, t3) ≈ ap(0)8(0, 0)
∫

d�1 d�2 f (ω)f (�1)fi(�2)e
−j�1(t−tp)e−j�2(t

′−tp)

= ap(0)8(0, 0)F (t)Fi(t
′) (35a)

and

B1,2(t) = β1,2(0)F (t). (35b)

whereF(t) = ∫ d�f (�)e−j�(t−tp)/
√

2π andFi(t) =
∫

d�fi(�)e−j�(t−tp)/
√

2π . Then the
coincidence rate becomes

P(Tg, Tc, TR) = 1
4|ap(0)8(0, 0)|2|β1(0)+ β2(0)|2

{∫
dt1 |F(t1)|2

}2 ∫
dt2 |Fi(t2)|2. (36)

Evidently, we can have 100% visibility in the interference if the strength of the two coherent
pulses is adjusted to be equal.

4. Multi-photon interference between a single-photon state and a strong coherent
state

When a single-photon state is mixed with a coherent state by a 50:50 beamsplitter, an
interesting multi-particle interference effect will occur: the output photon statistics of the
beamsplitter will not be the simple binomial distribution as expected from classical particle
theory even if the coherent state is very strong; quantum multi-particle interference will
cause the probability to drop to zero for equal output photon numbers, for which the simple
classical binomial distribution would produce maximum probability [23, 24]. Such an
effect is a manifestation of the quantum mechanical behaviour of a single-photon state. In
a stationary case, the observation of this effect requires exact matching of the bandwidth
of the single-photon field with that of the detector response [30], which is really equivalent
to the overlap of the temporal modes for the two interference fields in the nonstationary
case. In the following, we will consider the effect for the case of a pulsed single-photon
state and a pulsed coherent state and explore the possibility of observing this effect with a
down-converted field as the single-photon state.

First of all, let us consider a nonstationary single-photon state described by

|9〉 =
∫

dω9(ω)ejωt0â†(ω)|vac〉 (37a)

with normalization condition∫
dω |9(ω)|2 = 1. (37b)

It can be easily shown that the intensity of the field in this state has the form of

I (t) = 〈Ê(−)(t)Ê(+)(t)〉 = |A(t)|2 (38)
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with

A(t) = 1√
2π

∫
dω9(ω)e−jω(t−t0). (39)

It can be easily checked that the quantityγ (t1, t2) = 1 for the state in equation (37). Thus,
it is a transform-limited single-photon pulse centred att = t0. It is straightforward to show
from equation (37b) that the total photon number is∫ ∞

−∞
dτ I (τ ) =

∫ ∞
−∞

dτ |A(τ)|2 = 1. (40)

Next, we mix this single-photon field with a strong coherent pulse by a 50:50
beamsplitter as shown in figure 2. The coherent pulse is described by equation (25) with
β1(ω) = β(ω)ejωT0. The intensity of the coherent pulse is given by

IE (t) = 〈Ê (−)(t)Ê (+)(t)〉 = |B(t)|2 (41)

with

B(t) = 1√
2π

∫
dω β(ω)e−jω(t−T0). (42)

So the pulse is also transform limited and is centred att = T0. The output fields of the
beamsplitter are described by the field operators:

Ê
(+)
1 (t) = 1√

2

[
Ê(+)(t)+ jÊ (+)(t)

]
Ê
(+)
2 (t) = 1√

2

[
jÊ(+)(t)+ Ê (+)(t)]. (43)

Figure 2. Scheme for multi-photon interference involving a single-photon state and a strong
coherent state. The single-photon state is produced in the signal field of the down-conversion
by gated detection upon the detection of the idler field.
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We will be interested in the probability distribution for the photon number difference between
the two output ports. It can be calculated from the joint probabilityPN1N2 of finding N1

photons in port 1 andN2 photons in port 2, which is given by

PN1N2 =
〈
T :

Ŵ
N1
1 (T )

N1!
e−Ŵ1(T )

Ŵ
N2
2 (T )

N2!
e−Ŵ2(T ) :

〉
(44)

with Ŵ1,2(T ) =
∫ T

0 dτ Î1,2(τ ). However, this quantity is not easy to calculate for the
multimode states in equations (25) and (37). On the other hand, photodetectors make a
quantum measurement of the photon number of optical fields, that is, the photoelectrons have
the same statistics as the photons that fall on the detector [30]. So we can equivalently check
the photocurrent fluctuations for the two detectors located at the outputs of the beamsplitter
and calculate the probability distribution of the photocurrents. The general formula for the
characteristic function of the photocurrent fluctuations has been calculated in [30]. Under
the large intensity condition, it has the following form for two detectors (equation (44) of
[30]):

Ci1,i2(r1, r2) = 〈exp{jr1i1+ jr2i2}〉

≈
〈
T : exp

{
jαr1

∫ ∞
0

dτ Î1(t − τ)Q(τ)+ jαr2

∫ ∞
0

dτ Î2(t − τ)Q(τ)

− 1
2αr

2
1

∫ ∞
0

dτ Î1(t − τ)[Q(τ)]2− 1
2αr

2
2

∫ ∞
0

dτ Î2(t − τ)[Q(τ)]2

}
:

〉
(45)

whereα andQ(τ) are the quantum efficiency and the response function for the two detectors,
respectively. For simplicity, we assume that the two detectors are identical. In the detection
of the nonstationary field, especially for ultra-fast laser pulses, the response of the detectors
is usually slow so that their action is simply an average of the photocurrent over a long
period of timeT (longer than the optical pulse width). Hence we can choose the response
function as

Q(τ) =
{
i0 for 0< τ < T

0 for otherτ
(46)

wherei0 is the average photocurrent in the detectors during the periodT . For a balanced
homodyne detection scheme as shown in figure 2, the photocurrents from the two detectors
are subtracted to produce a difference current1i = i1 − i2, which represents the photon
number difference between the two outputs of the beamsplitter. We will find the probability
distribution for the photocurrent difference1i. Its characteristic function can be obtained
from equation (45) by settingr1 = −r2 ≡ r. With equation (46) forQ(τ), we have

C1i(r) = 〈exp{jr1i}〉
≈
〈
T : exp

{
jrαi0

∫ T

0
dτ
[
Î1(t − τ)− Î2(t − τ)

]
− 1

2r
2αi20

∫ T

0
dτ
[
Î1(t − τ)+ Î2(t − τ)

]}
:

〉
. (47)

From equation (43), we find

Î1− Î2 = j
[
Ê(−)Ê (+) − Ê (−)Ê(+)]

Î1+ Î2 = Ê(−)Ê(+) + Ê (−)Ê (+).
(48)
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So equation (47) becomes

C1i(r) =
〈
T : exp

{
−rαi0

∫ T

0
dτ
[
B(t − τ)Ê(−) − B∗(t − τ)Ê(+)]

− r
2αi20

2

∫ T

0
dτ Î (t − τ)

}
:

〉
exp

[
− r

2αi20

2

∫ T

0
dτ |B(t − τ)|2

]
(49)

where we replace the operatorÊ (+) with the c-functionB(t) for the coherent pulse because
of the normal ordering : :. It is now straightforward to calculateC1i(r). By expanding the
exponential function inside the angled brackets in equation (49) and using equation (37) for
the single-photon state, we find

C1i(r) =
{

1+ 1
2r

2α2i20

〈
:

[ ∫ T

0

[
B(t − τ)Ê(−) − B∗(t − τ)Ê(+)] dτ

]2

:

〉}
× exp

[
− 1

2r
2αi20

∫ T

0
dτ |B(t − τ)|2

]
(50)

where higher-order terms in the expansion are zero due to the single-photon property of the
state|9〉 and we neglect the term witĥI (t) because we assume the coherent field to be
much stronger than the single-photon field. With the state|9〉 in equation (37), the quantity
inside the angled brackets can be easily calculated and we have

C1i(r) = (1− ar2)e−br
2/2 (51)

with

a ≡ α2i20

∣∣∣∣ ∫ T

0
dτ B∗(t − τ)A(t − τ)

∣∣∣∣2
b ≡ αi20

∫ T

0
dτ |B(t − τ)|2.

(52)

The probability distribution for the photocurrent difference1i can be easily obtained from
the characteristic function in equation (51) by a Fourier transformation. Hence

P1i(x) = 1

2π

∫
dr C1i(r)e

−jrx

= 1√
2πb

(
1− a

b
+ ax

2

b2

)
e−x

2/2b. (53)

The distributionP1I (x) has a twin-peak feature with a minimum atx = 0. This is the
multi-photon quantum interference effect when a single-photon state and a strong coherent
state are superposed. Whena = b, complete cancellation of probability is achieved at
x = 0. However, by using the Schwartz inequality, we have

a 6 αb
∫ T

0
dτ |A(t − τ)|2. (54)

The equality occurs whenB(τ) = CA(τ) with C a constant number, that is, the shape of
the coherent pulse matches exactly with that of the single-photon state. Becauseα 6 1 and∫ T

0
dτ |A(t − τ)|2 6

∫ ∞
−∞

dτ |A(t − τ)|2 = 1

we always havea 6 b, which ensures the positiveness of the probability distributionP1i(x)

for arbitraryx. Therefore, in order to observe complete probability cancellation, we need a
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100% quantum efficiency for the detectors and a long integration time and most importantly
the overlap of the temporal modes of the two interfering fields. Of course, these are the ideal
conditions, which can never be met in practice. Any imperfectness in the experimental set-
up will result in a/b < 1, which can be equivalent to a less than 100% quantum efficiency
for the detectors (αe ≡ a/b). Although no perfect cancellation can be achieved, there is
still a minimum atx = 0 unlessαe 6 1

3 ≈ 33.3%, for which the twin peak inP1I (x)
will merge into a single peak and the signature for multi-particle quantum interference is
completely lost. 33.3% quantum efficiency for a detector is easily achievable (quantum
efficiencies of higher than 90% has been reported). However, what makesαe small is the
temporal mode mismatch as a result of the Schwartz inequality (equation (54)). This will
be the most important factor in the experimental investigation of this effect.

Next let us examine the possibility of using down-converted fields to produce a single-
photon state|9〉 as given in equation (37). It is known [27] that by gating the detection of
the signal field upon the detection of a photon in the idler field, one can realize a single-
photon state for a signal field. However, since the detection of the idler photon is irregular,
it is hard to have an exact timing for matching the single-photon pulse to the temporal
shape of the coherent field. In fact, for the stationary coherent field, one has to rely on
the electronic response of the detector to achieve the temporal mode match as required for
high equivalent quantum efficiencyαe [30]. On the other hand, with an ultra-fast pulse
pumping the parametric down-conversion process, one may expect that everything will
be synchronized by the ultra-fast pump pulse and the problem of temporal match will be
solved. However, as we will see in the following, this is not always so because the down-
converted fields are not transform limited. Only when we detect a much narrower band of
the idler field to generate the gating current, will the gated signal field be a transform-limited
single-photon field synchronized to the pumping pulse.

Now consider the two-photon state in equation (17) from the parametric down-
conversion process. Suppose that detector Di registers an idler photon at timet = ti . Then
at the moment of detection, the state of the signal field collapses to a state that is obtained by
projecting the two-photon state|8〉 in equation (17) onto the state|ψ(ti)〉i = KÊ(−)i (ti)|vac〉i
with Ê(−)i (ti) =

∫
dω â†i (ω)fi(ω)e

jωti /
√

2π whereK is a normalization constant [31]:

|9(ti)〉s = i〈ψ(ti)|8〉
= K ′

∫
d�1 d�2 ap(�1+�2)e

j(�1+�2)tp

×8(�1+�2, (�1−�2)/2)fi(�2)e
−j�2ti â†s (�1)|vac〉

=
∫

d�19(�1, ti)â
†
s (�1)|vac〉 (55)

with

9(�1, ti) = K ′ej�1tp

∫
d�2 ap(�1+�2)8(�1+�2, (�1−�2)/2)fi(�2)e

−j�2(ti−tp) (56)

andK ′ ≡ K∗/√2π . Equation (55) has the form of equation (37), indicating that the gated
field is in a transform-limited single-photon state. But the shape of the transform-limited
pulse is determined by9(�1, ti) which seems to depend on the detection timeti . Let us
consider the following two situations.

(i) If the bandwidth1�i of the filterfi is much larger than1�p, then we can make a
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change of variable� = �1+�2 in the integral in equation (56) and obtain

9(�1, ti) = K ′ej�1ti

∫
d�ap(�)8(�,�1−�)fi(�−�1)e

−j�ti

≈ ej�1tiK ′ap(0)fi(−�1)

∫
d�8(�,�1)e

−j�ti (57)

where we made the approximation by using the fact that the bandwidth1ωp of the
pump field and the bandwidth1� of the intrinsic down-conversion are much larger than
1�p of 8(�p,�). Therefore,9(�1, ti) has an extra phase of ej�1ti , which indicates
that the transform-limited pulse is peaked atti and has a pulse width determined by
max(1/1�i, 1/1�). Since the detection of the idler photon is uncertain to within
1Ti ∼ 1/1�p � max(1/1�i, 1/1�), the location of the single-photon state is uncertain,
which makes it impossible to match its shape to that of the coherent pulse.

(ii) On the other hand, when1�i is much smaller than1�p (which is also the situation
for observing 100% visibility in fourth-order interference), we have from equation (56)

9(�1, t0) ≈ K ′ap(�1)e
j�1tp8(�1, �1/2)

∫
d�2 fi(�2)e

−j�2(t0−tp)

= K ′ej�1tp ap(�1)8(�1, �1/2)Fi(ti) (58)

with Fi(τ ) ≡
∫

d�2 fi(�2)e−j�2(τ−tp). So9(�1, ti) has both a bandwidth of1�p and a
phase of ej�tp that are independent of the detection timeti of the idler photon. Therefore,
the transform-limited single-photon state is centred attp with a width of 1/1�p. The peak
of the pulse is thus synchronized with the pump pulse. The key in obtaining a pump-
synchronized transform-limited single-photon pulse is the fact that the bandwidth-limited
detection of the idler photon lengthens the correlation time between the idler and signal
photons, which ensures that the gated field has a bandwidth determined not by the down-
conversion bandwidth, as the ungated signal field is, but by the equivalent pump bandwidth
1�p (narrower than the down-converted bandwidth).

5. Summary and discussion

The process of parametric down-conversion with a nonstationary pumping field is analysed.
For an ultra-short pumping field, because of the limitation by the phase-matching condition
in the down-conversion process, only a small portion of the spectral components of the
pumping field contributes to the generation of down-converted fields. The down-converted
bandwidth takes the sum of the intrinsic bandwidth (corresponding to single-frequency
pumping) and the equivalent pumping bandwidth (phase-matching bandwidth). However,
the down-converted field has a temporal width determined by taking the reciprocal of the
narrower one of the intrinsic bandwidth and the equivalent pumping bandwidth, thus making
it impossible to form a transform-limited two-photon state.

A fourth-order interference experiment between the down-converted field and a coherent
field is analysed. It is found that near 100% visibility is possible under the condition that
optical filters are placed in front of the detectors with a filter bandwidth much narrower
than both the intrinsic down-conversion bandwidth and the equivalent pumping bandwidth,
otherwise a significant reduction of the visibility will occur. A multi-photon interference
experiment involving a single-photon state and a strong coherent state is analysed. It is
found that the temporal mode match between the transform-limited single-photon state and
the coherent field is crucial for the observation of the interference effect. A possibility is
investigated for utilizing the down-converted field to produce the single-photon state. It
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is found that when we gate the detection of the signal field on the detection of the idler
field, a transform-limited single-photon state can be achieved, but with a centre position
which is undetermined to within the detection time of the idler photon. However, such
an uncertainty can be overcome by placing an optical filter in front of the idler detector
with a filter bandwidth much narrower than both the intrinsic down-conversion bandwidth
and the equivalent pumping bandwidth. The signal field generated in this way is in a
transform-limited single-photon state synchronized with the pump pulse.

In both interference experiments involving the down-converted field and a coherent
field, optical filters are required to be used in front of the detectors. The conditions for
the observation of high visibility in interference are the same, that is, the filter bandwidth
is much narrower than the intrinsic down-conversion bandwidth1� and the equivalent
pumping bandwidth1�p or 1�f � {1�,1�p}. It is easy to satisfy1�f � 1� since
1� is of the order of 1013 rad s−1. However, to satisfy1�f � 1�p, we need to look
for those nonlinear media that have small group velocity dispersion. This is so because
1�p is determined byπ/2l|(k′p − k′s)|. Let us consider a BBO crystal, which has least
dispersion among the available nonlinear crystals. From the index of refraction data [32],
we find that 1/|(k′p − k′s)| ∼ 25c at λ = 0.8 µm so that1�p ∼ 3.8× 1012 rad s−1 for a
crystal length ofl = 3 mm. The best interference filter available so far has a bandwidth of
1�f ∼ 3× 1012 rad s−1. This makes1�f ∼ 1�p. Although this does not prevent the
observation of interference with finite visibility, it still requires1�f � 1�p to achieve
a visibility close to 100%. A Fabry–Perot cavity can satisfy this, but it will substantially
cut down the coincidence rate, approximately by a factor of1�f /1�p, and a Fabry–Perot
cavity has many longitudinal modes, which makes it equivalent to a wide bandpass filter.

Under the ideal condition ofαe = 1, the probability distribution in equation (53) has
the same form as the absolute square of the wavefunction of the first excited state of a
simple harmonic oscillator or equivalently the single-photon state. This indicates that by
using optical tomography [33], we should be able to recover the Wigner function of a
single-photon state [30] (which is a quasi-probability and completely describes a quantum
system) thus making a complete measurement of the quantum state of a transform-limited
pulse. For the nonideal case ofαe < 1, the corresponding Wigner function has the form of

W(x, y) = 2

π
{(1− αe)+ αe[2(x2+ y2)− 1]}e−2(x2+y2)

= 2

π
[1− 2αe + 2αe(x

2+ y2)]e−2(x2+y2). (59)

Notice that atx = y = 0, the quasi-probabilityW(0, 0) = 2(1− 2αe)/π and becomes
negative whenαe > 0.5. The negativeness of the Wigner function is a manifestation of the
quantum behaviour of a single-photon state.
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