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Quantum multi-particle interference due to a single-photon
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Abstract. Quantum interference of a multi-particle is demonstrated in a simple arrangement in
which the photon distribution at the output of a lossless beamsplitter far-photon state input

at one of its input ports is dramatically changed by a single-photon state input at the other port.
By a simple argument, we find that the effect persists even iMkghoton state is replaced by

an arbitrary state of light.

The interference effect of light has played an important role in the conceptual development
of quantum theory. Richard Feynman once wrote [1] that the Young’s double-slit experiment
‘has in it the heart of quantum mechanics’. But the phenomena of light interference do not
simply stop at Young's double-slit experiment and its variations. Much richer phenomena,
especially quantum phenomena, occur in higher-order interference [2—7] when there is more
than one particle involved in the process. For example, Greenbetgalr[8] recently
proposed a new demonstration of locality violation by quantum theory with the superposition
state of three or more particles.

What motivates this work is the fact that homodyne detection of a single-photon state
is completely different from that of a vacuum state, which was pointed out by Yurke and
Stoler [9] and confirmed by Vogel and Grabow [10]. Since homodyne detection involves
a strong classical coherent field, it is surprising that the existence of only a single photon
can totally change an outcome that is supposed to be dominated by the classical field.
Therefore, one may guess that such a dramatic non-classical effect must be the manifestation
of some fundamental principles of quantum mechanics. In this paper, we will show that
it is the quantum multi-particle interference effect that gives rise to the dramatic result
in the homodyne detection of a single-photon state. Furthermore, we will show that the
interference effect persists even if the coherent field is replaced by a field in arbitrary state.

We start by considering the interference between a single-photon state anghlaoion
state via a beamsplitter (figure 1). But let us first look at the situation without the single-
photon state. Itis well known that when a number of particles Msagnter a 50 : 50 lossless
beamsplitter from one input port, each particle is randomly sent to the two output ports with
equal chance (50%), resulting in the simple Bernoulli binomial probability distribution as

|

2V N1IN,!
where N, is the number of particles exiting from port 1 whi is for port 2. In the case
of photons, the above result suggests that photons act independently as classical particles.

Po(N1, N2) = SNy Ny, N 1)
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state via a beamsplitter.

What will happen if we then let a single-photon state enter the other input port (port 2)
of the beamsplitter (as seen in figure 1)? The outcome from classical particle theory is not
much different from equation (1). Because the single photon is independent of theVother
photons when it acts as a classical particle, we simply add the probabilities to obtain

PENL Ny = - N! ! N! (N +1D) @
LA B2 = 50N (N — D)IN,! | 22N(Ny — 1)INy!  2N+IN,IN,!

which is in exactly the same form as in (1). Therefore the existence of the single photon
at the other port does not influence the photon probability distribution at all. The single
photon from port 2 acts as if it were part of the+ 1 photons from port 1.

On the other hand, the outcome is totally different if we treat photons as quantum
particles. To demonstrate the principle of quantum interference, let us consider the case when
N is an odd integer ant¥; = N, = (N+1)/2. The principle of quantum mechanics requires
us to add not the probabilities but the probability amplitudes, which have two contributions
here: (i) the single photon input at port 2 goes to output port 1 whijle-1= (N —1)/2
from the N photons go to output port 1 and, = (N + 1)/2 photons to port 2, or (ii) the
single photon goes to output port 2 whi¥ = (N + 1)/2 photons go to output port 1 and
N,—1= (N-1)/2 photons to port 2. From equation (1), we find that these two possibilities
have equal probability, thus their probability amplitudes have equal absolute value. For their
phases, however, because there g2 phase shift for the reflected field and no phase shift
for the transmitted one at a symmetric beamsplitter, the total phase shift fav thel
photons at the output ports will be different for the two possibilities. Referring to figure 1,
we find that the total phase shift for the first possibilityis= 7/2+ Non /2 = (N +3) /4
while for the second possibilityy, = (N, — )n/2 = (N — D /4. Thusp, —¢p = 7
and the two probability amplitudes will cancel each other, resulting in zero probability for
N1 = N, = (N + 1)/2. This result is completely different from that of classical particle
theory in equation (2). As seen above, the probability cancellatiovy at N, results from
the quantum interference &f + 1 particles. A special case &f = 1 was demonstrated in
two-photon interference [11].

For the other cases whewy, # N,, a similar quantum interference effect persists, but
because the probabilities for the two cases are not equal, they do not completely cancel
each other. We can find the probability distributi®n(N;, N») by using the formula [12]

(ATApM i (ALApNe s
Pj_(Nl, N2) = <: 11\,#6 AlAlzlvTe AjAz : (3)
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where
Ay = (a1 +1a2)/V2 Az = (a2 +ia1)/V2

are the annihilation operators for the output modes for a symmetric lossless beamsplitter.
The input modes represented &y, a, are in the stat¢d) = |N);|1),. After some lengthy
calculation (see the appendix), we have

N!(N1 — Np)?

P1(N1, N2) = %SN1+N&N+1- 4)
Equation (4) can also be derived from the general formula given by Campas in
equations (48) of [13] for arbitrary numbefs;, n,} of input photons, with the setting
of T = %,nl = N,np = 1. Notice that whenV is an odd integer,P1(N1, N;) = 0
for Ny = N, = (N 4+ 1)/2, exactly the same as predicted from the simple argument
in the previous paragraph. Actually, qguantum probability cancellation makes the whole
probability distribution in (4) different from that in (1), as seen in figure 2. The quantum
interference plays a crucial role here in the difference between quantum mechanics and
classical mechanics.
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The above quantum probability cancellation effect due to a single-photon state is not
strict with respect to thevV-photon state. Since the effect is based on quantum interference
between a single-photon state and an arbitrArRphoton state, it should exist for an
arbitrary state which consists of an arbitrary numbeof photons with probabilityP".

Our argument goes as follows. Since the vacuum state and the single-photon state are
completely incoherent in the sense that they have a totally random phase distribution, the
output fields due to the interference of one of these states with any other state will lose
all the coherence information of the input. Therefore, the output photon distribution of the
beamsplitter will depend only on the photon statistR8 of the input state at port 1. So
combining this fact with equations (1) and (4), we have the output photon distributions in
the form of

(N1 + N

Po(N1, Na) = WPN1+N2 (5a)
for vacuum input at port 2 and
(N1 + N, — 1)! ;
Pi(N, Np) = — o2 2y — N2)? Py vyt (5b)

2N1+N2N1!N2!
for a single-photon state input at port 2. Of course, we may rigorously derive the output
photon distribution by following the procedure leading to (4). It can be shown tl@t (5
and (%) are indeed the correct forms for the output photon distribution. Equations (5) are
also a special case of equation (45) of [13].
By comparing () and (%), we easily find thatP,(N; = N,) = 0 for a single-photon
state input at port 2 while

(2Ny)!

o)
Po(Ny=Np) = Y
N1=0
for a vacuum input. Therefore, the effect of probability cancellation exists even for an
arbitrary input state at port 1.
In an actual experiment, however, it is difficult to measure the complete distribution
P (N1, N3), but the distributionP (N, — N, = M) can be measured by balanced homodyne

detection [14]. From equationsgpband (%) we find that

N 2Ny — M)! .
Po(M) = pn
0 N;M 22Ni=M N I (N — M)! 2N1—M

forM > 0. (6)
(2N — M - 1)! in

22Mi-M N I(Ny — M)! 2N=M=t
When M < 0, the symmetry betweeNy, N, in (5a) and (%) leads toP(M) = P(—M).

Next, Iet us evaluatéy(M), P1(M) for some special states. Fof-photon state input,
we haveP," = 3§, y, and (6) gives results similar to (1) and (4):

N!

oo
Py (M) =M> )"
N1=M

Po(M) =
o(M) 2V(N/2+ M/2)I(N/2 — M/2)!
~ 2 gmN for N> 1 M
2N1
MZ2N! (7)
Pi(M) =

2NHLN /2 4+ M/2+1/2)V(N/2 — M /2 + 1/2)!
2 Mze,Mz/ZN

\/ZNJTW

~

for N > 1, M.
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The extra normalization factor of 2 in the approximated expressions in (7) is because
P(M) = 0 for every other value oM. For coherent stateP" = ii"e~" /n! with 7 being
the average photon number and we have froa) éhd (%) that

_ M?
Po(M) = e "1y (n) Pi(M) = 7 Iy () (8

where I (n) is the Bessel function with purely imaginary argument. Similar results as (8)
were obtained in [10, 14]. For large

2nm 2nmw n
which has the same form as (7) for laryebesides the factor of 2. This is not surprising if
we consider the fact that when the photon number is large, the interference scheme discussed
above becomes a homodyne detection scheme. Since both the vacuum state and the single-
photon state have random phase distribution, homodyne detection wiili-giteoton state
(N > 1) and the coherent state as local oscillators are equivalent. As a matter of fact, the
output photon distributions will always have the form of (9) for any state as local oscillator,
provided that its average photon number is large and the photon number fluctuation is much
less than average photon numhef(An?) < 7). We can see this point from (6): when
V{(An?) « i1, P has a narrow peak arouridand is a fast changing function as compared
with other terms in the summation, therefore the contribution to the summation only comes
from the few terms neai, so that we can pull the slowly changing terms out of the sum,
that is,

1 227 1 M? e
Po(M) ~ g M/ Pi(M) ~ e MY 9)
NrE

n! .
Po(M) ~ — p"/2
o(M) ()2 — M)\ (ii/2 + M)! Z w/
1 _
N g MY whenn > 1 (109)
2nm
and similarly
M?/n _
Pi(M) =~ %e*MZ/Z” whenn > 1. (100)

We can also understand this result from the fact that any fluctuation in the local oscillator
is cancelled in the balanced homodyne detection scheme [15].

Furthermore, if we set — oo, we can replace the discrete variabfewith a continuous
one defined byx = M/+/ii and the probability distributions in (&) and (1®) lead to
probability densities of continuous variabteas

1 2
Pox) = —e 2 Px)= - —e*/? (11)

N 21 N 21
which correspond to the square of the absolute value of the wavefunction for the vacuum
state and single-photon state, respectively. Thus by measR(i# in homodyne detection,
we can deduce the wavefunction of the input state at port 2 besides a phase factor which
can be fixed by the technique of optical tomography [16, 17].

However, there is an exception to the above. It is well known that for thermal light,
(An?) = (i + 1)
so thaty/(An?) ~ i and we cannot use the approximation ingl@nd (1®). For thermal
light, P" = 72" /(i + 1)"*1, so from (6), we have

Po(M) = g™ /2 + 1
Py(M) = Mg /n

(M =0 (12)
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Figure 3. Probability distributionPg 1(M) for balanced homodyne detection of vacuum state
and single-photon state witla) coherent state obj thermal state as local oscillatot.= 300.

with ¢ = 1+ 1/in — /21 + 1/n. Therefore, the output photon distribution for thermal light
input is different from that of coherent state input even whes 1. But the general trend
in the change of the shape froRa(M) to Py(M) is similar in both states (figure 3) and the
guantum interference effect due to a single photon is still there.

It is interesting to note that the quantum interference effect studied here has similarities
with other types of intensity-independent interference effect where two interfering fields
are substantially different in intensity [3,4]. In both cases, the presence of the weak
field can dramatically change the outcome of the result. However, the underlying
principles are quite different in the two cases. Here all fephotons participate in
the interference ((V + 1)-particle interference) whereas in [3,4] only two photons are
involved and the rest of the photons are not counted. Even though the non-classical
field is weak here, the result is very non-classical in the sense that the probability of
detecting equal intensities at the two outputs is zePp(M = 0) = 0). It can be
proved that in a similar situation (one field is weak and the other is strong), classical
wave theory predicts that the probability is largest for equal intensity output at the two
ports.



Quantum multi-particle interference 321

It should be noted that the quantum probability cancellation effect stems from the general
principle of quantum interference, therefore it applies to arbitrary particles: bosons or
fermions, particles without structure such as photons or with structures such as atoms.

Appendix. Derivation of equation (4)

First, because the beamsplitter is lossless, we immediately obtairftimetion from photon
number conservation. Therefore, we only need to calculate the caseNyReN, = N + 1.
Because of this, there is no contribution from the exponential factors in (3) so that we can
ignore them. Then we expand the expression inside the normal ordering operation in (3)
and write them in terms af; (i = 1, 2) as

1 (_i)n3+m4l~m3+n4 Nll N2' (&l)klail (&;)kzagz
2N1+N2 N |

N,!
ma,ma,m3,ma
ni,n2,n3,n4

wherek! = m; +mz+n;+ns, ki = m;+ma+n;+ns(i =1, 2) andmq+ma+mz+mas = Ny,
n1 + ny + n3 + ng = No. We write the operators in (A1) in normal ordering.

Since the quantum average is over the sfé@je— |N);|1),, the average is non-zero only
whenk! = k; (i =1,2) so thatms + nz = m4 + na. Because mode 2 is in a single-photon
state, this requirek, = 0, or 1. For the first choice, we must hake= N1+ N, = N + 1.

But mode 1 is in theV-photon state, so its contribution is zero. For the second choice, we
have the following possibilities:

(I) myp = 1andm3=m4=n3=n4=0=n2, m]_:N]_—landn]_: N> so that
ki = N1+ N, — 1 = N, for which the quantum average gives

N! Ni!NaD N! N
2NMitN2 Ny INo! (Ng — 1INyl 2N+ININ,!

(II) np =1 andm3 =my=n3=n4=0=mp, my =N, andn1 = N,—1s0 that
ky = N1 + N, — 1 = N, for which the quantum average gives

N! Ni!NaD N!
2NN Ny ENo! Nil(Np — 1)1~ 2N+1NIN,!

(i) m3 =1, mg =1 andnz = ng = 0= my = np, my = N; — 2 andn; = N, so that
k; = N1+ N, — 2= N — 1, for which the quantum average gives

N! Ni!N,! NI
2N1+N2 Ny I N (N1 — 2)INo! N 2N+1N1!N2!

(IV) ma=1ng=1andny=ms =0=my =ns m;y = N1 —1andn; = N, —1 so
thatky = N + N, — 2= N — 1, for which the quantum average gives

N! N1!N>! N!

T 2NN N TN, (Ng — DI (N — 1)1 2N+1N, I N,
(V) n3=1,n4=1andm3=m4=0=m2=n2, mip = N1 andn1=N2—250that
ki = N1+ N, — 2= N — 1, for which the quantum average gives
N! N1!N>! !
2NN NI TN (Ng — 2)IN,! - 2NFIN,IN,)!
(Vi) n3:l,m4=1andm3=n4=0:m2=n2, m1=N1—1andn1=N2—1so
thatky = N1+ N, — 2= N — 1, for which the quantum average gives
N! N1!No! N!

T 2NN NJING (Ng — DI (Np — 1)1 2NN IN,!

(A1)

m1!m2!m3!m4!n1!n2!n3!n4!

1.

N;.

Ni(N1—1).

N1iN>.

Nao(N2 — 1.

NiN>.
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Combine (1)—(6), then we obtain the probabil®y(Ni, N2) as

Pi(N1, N») =

W(Nl + N2 + Ni(N1 — 1) + N2o(N2 — 1) — 2N1N») (A2)
1! N>!

which is equation (4) after rearrangement.
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