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Noise in homodyne detection
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A simple but rigorous analysis of the important sources of noise in homodyne detection is presented. Output noise
and signal-to-noise ratios are compared for direct detection, conventional (one-port} homodyning, and two-port
homodyning, in which one monitors both output ports of a 50-50 beam splitter. It is shown that two-port homo-
dyning is insensitive to local-oscillator quadrature-phase noise and hence provides (1) a means of detecting reduced
quadrature-phase fluctuations {(squeezing) that is perhaps more practical than one-port homodyning and (2) an
output signal-to-noise ratio that can be a modest to significant improvement over that of one-port homodyning and

direct detection.

It has been known for some time that phase-sensi-
tive detection schemes, such as homodyning and het-
erodyning, provide a means of measuring one of a sig-
nal’s two quadratures.l-3 Recently a clever scheme,
referred to in this Letter as two-port homodyning, was
proposed by Yuen and Chan (see Fig. 1)45; this scheme
permits direct observation of one of the input signal’s
quadratures without placing such rigorous demands on
local-oscillator (L.LO) performance as does conventional
one-port homodyning. Hence the two-port scheme
might provide a more practical means of observing the
phenomenon of squeezing,5-8 in which the noise in one
quadrature phase of a signal is reduced below the level
required by quantum mechanics of a coherent state.
This noise can be cbserved because the output noise in
two-port homodyning can be made insensitive to all LO
quadrature-phase noise, provided the L.O power is much
larger than the input-signal power. In this Letter I
compare output noise and signal-to noise ratios for three
different detection schemes—one-port homodyning,
two-port homodyning, and direct detection.

A single plane-wave mode of the electromagnetic field
at frequency €, (the input-signal frequency) has an
electric-field operator described by

E(t,x) = Yola exp[—iQ(t — x)] + o exp[iQ; (¢t — x)]}
= qaq cos Q,(t — x) + agsin Q(t — x). (1)

Here a = a1 + ias is the annihilation operator for the
mode and a; and a5 are its Hermitian quadrature-phase
amplitudes. Homodyne schemes use a beam splitter
to combine an input-signal field with a LO field of large
power compared with the input-signal field (Fig. 1).
The dominant signal-carrying term in the intensities
from each of the two beam-splitter output ports is
proportional to the mean field of that quadrature of the
input-signal field (a1, say) that is in phase with the LO
mean field after the beam splitter. One-port homodyne
schemes use a photodetector to monitor the intensity
from one output port of the beam splitter. Two-port
homodyne schemes monitor the intensities from both
output ports of a 50-50 beam splitter and then subtract
the two photodetector outputs.
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Each quadrature of the input-signal field and the L.O
field has associated with it a certain amount of noise
{fluctuations), characterized by the variance of its
quadrature-phase amplitude, i.e., AaiZ = {{a1 — (a1))2)
and Aas? for the input-signal field. Quantum me-
chanics requires that Aa;2Aas? = 1/16. Coherent states
and the vacuum state have Aa;2 = Aas? = 1/4 (ran-
dom-phase noise). Single-mode squeezed states®-8
satisfy Aa’12Aa’s? = 1/16 but have Aa’{? < 1/4, where
a1 +ia's=e"(a; +1ias),0 < o <. .

Aside from that added by nonideal photodetectors,
the dominant output noise in homodyning comes from
interference between the (large) LO mean field and the
noise in the in-phase quadratures of the input-signal
and LO fields (a¢; and by, say). In direct detection the
output noise reflects only intensity fluctuations in the
input signal [AN, 2= ({N, — (N, ))?}], but in homo-
dyning it reflects the variances Aa;? and Aby?. In
one-port homodyning with a lossless beam splitter of
power transmissivity T the dominant output noise is
proportional to the sum TAa2+ (1 — T)Ab;?; in two-
port homodyning it can be made proportional to Aa;2
alone. The two-port scheme can yield a better output
signal-to-noise ratio (SNR) than both direct detection
and one-port homodyning, the improvement over the
latter being most significant when Aa;2 << Ab;2.

The two-port scheme owes its success to the law of
energy conservation, which dictates that the interfer-
ence terms between the LO field and the input-signal
field contribute with opposite signs to the two outputs
of the (lossless) beam splitter and that the noninter-
ference terms contribute with the same sign. The
two-port scheme, by using a 50-50 beam splitter and
subtracting the two outputs, retains only the interfer-
ence terms. Its output signal (intensity) is therefore a
product of the LO and input-signal mean fields, and its
dominant output noise (intensity fluctuations) is due
to interference between the input-signal noise Ag;? and
the LO power and between the LO noise Ab;2 and the
input-signal power. Thus, for large enough LO power,
the output noise in the two-port scheme can be made
proportional to Aaq2.

The analysis begins with the beam splitter, assumed
linear and lossless with power transmissivity T and re-
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Yuen-Chan! two-port homodyne detection

flectivity 1 — T. The law of energy conservation, to-
gether with the invariance of a (linear) lossless beam
splitter under the combined operations of time reversal
and reflection about the y = —x axis, leads to the fol-
lowing matrix transformation between the two in-mode
annihilation operators, denoted by a for the signal mode
and b for the LO mode, and the two out-mode annihi-
lation operators, denoted by ¢ and d (see Fig. 1):

o=k

For present purposes, the overall phase A and the rel-
ative phase u—Dboth inherent properties of the beam
splitter—need not be known; in fact, the relative phase
can effectively be made to take on any desired value by
putting phase delays in the path to one or both detectors
or by adjusting the relative path lengths.

In order to understand physically the roles played by
the various noises as distinct from the mean fields that
they accompany, it is useful to separate each annihila-
tion operator into a signal-carrying part and a noise-
carrying part. To use the input-signal field as an ex-
ample, the signal-carrying part is the mean field (a) =
A, a complex number; the noise-carrying part is the
annihilation operator minus its mean: a — (a) = Aa.
Thus

a=A+Aa=A;+iA:+ Aa; + iAao. (3)

For simplicity, choose the phase of the LO field so that
the quantity e*#(b) is equal to the real number B; then
define the operator

e~ith =B+ Ab = B+ Aby + iAb,. (4)

With this LO phase, homodyning will see only that part
of the input signal whose mean is equal to Ay, so we can
consider As to be zero; thus A, is the signal to be de-
tected, and its inherent noise is characterized by the
variance Aa;2,

Any single-mode state of a radiation field has a noise
intensity, a total intensity, and intensity fluctuations
(to second order) proportional to these expressions:

{N3) = (AatAa) = Aa2+ Aas2—-1/2; (5a)
(Ny) = (afa) = |A|%+ (N3); (6b)
AN,2 = AN3z2 + 4((A;Aa; + AzAas)?)

+ 4(ANz(A1Aar + A2Aa9))sym,  (5¢)

=U

U=eid »1‘—/-_Te“‘ \/_T—T =i = (UNH~L (2)

where the subscript sym means symmetrized. All states
of interest have (NzAa;)sym = (Nz Aag)sym 0. Co-
herent light with Gaussian excess noise has

Aa?=Aa?=Y2n+ 1), <(Aa1das)ym=0, (6a)

(Ng) =7, ANz2=n(m + 1), (6Db)
ANG2=|A|2@n+ 1)+ A@E+ 1)
= (N,) +n(@ + 2|A)2). (6¢c)

When 7z = 0, the above expressions describe a coherent
state or the vacuum state (|A| = 0). A single-mode
squeezed state®-8 (with ¢ = 0) has

A£112 = Yet?r, (A01A02>sym =0, (7a)
{N5) =sinh?r,
ANz2 =1, sin‘h2 2r = (N3} (1 + cosh 2r), (7b)
AN,2 = Yy sinh? 2r + A 2e~2" + Ag2e?r
= (N, ) + cosh 2r sinh? r
— 2sinh r(A%e—" — Ag%e"). (7c)
The beam-splitter outputs are described by the

photon-number operators N, = ¢fc and Ny = did,
where

N.=(1—-T)N,+ TNy ++/T(1 = T)P, (8a)
Ng=TNy+ (1 - T)Ny —/T(1 —T)P, (8b)

P =2 Re(e—irbat)
= 2(A1 4+ Aaq)(B + Aby) +2AasAbs (8¢)

[Egs. (2)-(4)]. For the usual situation of a strong LO
these expressions reduce to

= TB2+2/T(1 - TA1B
+ 2/ TB(/TAb; + /1 — TAay), (9a)
Ng = (1—-T)B%2-2+/T(1 -T)AB
+ 21 =TBK1—-TAby —+/TAay), (9b)
where here and below =~ means in the strong-LO limit,
(1 = T)B2>» TA,2 In all the following equations I
assume that the power contributed by the fluctuations
in the LO and input-signal fields is negligible compared
with the power contributed by the mean fields.
One-port homodyne schemes look only at the output
signal {(Ng):

(Ng) = (V1 —=TB —+/TA1)?
= (1 —T)B2-2/T(1L — T)A1B; (10a)

the part of this output that contains input-signal in-
formation is

(Ng)sig = —=2+/T(1 - T)A:B. (10b)

The output noise in one-port homodyning is given by

ANg? = 4(y/1 = TB — VTA2[(1 — T)Ab;2

+ TAa % + 4(+/1—=TB — /TA)[(1 — T)32

(AN_bAbl)sym - T3/2<ANEAal)sym]

+ (1 - T)2AN32 + T?2ANz2 + 4T(1 — T){X),

(11a)

(X) = Aa 12Ab12 + AangbQQ - 1/8

+ 2(Aa1Aa2)sym(Ab1Ab2)5ym. (11b)
Neglecting pure noise terms and taking the usual
strong-LO limit gives



ANd? = 4(\/ 1~ TB - \/?1.41)2[71&612
+ {1~ T)Ab?]
> 4(1— T)BYTAa + (1 - T)AbfLc)

The SNR for one-port homodyning is defined as the
ratio of (Ng)sig to (ANz2)V2:

_ NG |sig

(SNR); = (AN 2)1/2
T A

[TAa:2+ (1 — TYAbZ)V2
Equations (11¢) and (12) suggest that the output noise
and SNR for one-port homodyning might be made in-
sensitive to LO quadrature-phase noise if T =~ 1 with (1
— T)B? finite; however, under these conditions other
noise sources (those independent of LO power) may
become important, so in practice it may not be possible
to let T be close to 1.* Regardless of LO and input-
signal power, one-port homodyning is insensitive to LO
quadrature-phase noise only if (I — T)Ab2 «
TAa-12.

The two-port scheme suggested by Yuen and Chan*
uses a 50-50 beam splitter and looks at the quantity IV,
— Ny = P, for which [Egs. (8c) and (11b)]

>~

(12)

(P) = ZBAl,
APZ= 4.825&12 + 4A12Ablg + 4{}()
=~ £B2A042, (13a)
(SNR), = —o) = (13b)

(AP?)L2 = [Ag 212
By adjusting # (phase shifter in Fig. 1} in the combina-
tion P(#) = N, cos & + N, sin £ of the two photodetector
outputs, one can observe Aa.2 and Ab;? individually (6
= F/4) or in any linear combination.

By contrast, direct detection of the same input signal
(A5 = 0) would give the following output signal, noise,
and SNR [Egs. (5}]:

(Na) = Al.‘l’ ANaz ~ 4A12Aa12, (14&)

_ ANg) Ay
(SNR)> = (AN, 17 = 5(a, 75 = HENR)
(14b)

For a weak, highly squeezed input signal, in which the
power associated with the increased fluctuations of the
unsqueezed (conjugate) quadrature rivals the mean-
field power, the approximate expressions (14a) must be
replaced by the exact expressions [Egs. (5) and (7)].

The other important source of noise in homodyning
is nonideal photodetectors. A photodetector with
quantum efficiency 7 can be modeled as a lossless beam
splitter with power transmissivity T = 5 followed by an
ideal photodetector. The two inputs to the beam
splitter are the signal and the vacuum state, described
by annihilation operators d and dp, respectively. The
output of a nonideal photodetector is described by the
annihilation operator d’, where [{Eq. (2)]

d* = eir(y/nd — e=i/T = 7do) (15)

and the phases A and v are inconsequential here.
One-port homodyning with a nonideal photodetector
gives the following output signal, noise, and SN R;

(NgYsig =n{Nadsig = — 29 T(1 — TYA1B; {16a)
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AN 2 = n2AN42 + 5(1 — 3){Ny)
= (1 - T)n*B[4T Aay?

+ 41 - TVALZ+ (1 - 9)/5); (16h)
_ 2/ T4
(SNR)y = [4TAa:2 + 4(1 — TYADZ + (1 — ny/q]72
(16¢)

Two-port homodyning with identical nonideal photo-
detectors gives this output signal, noise, and SNR:

(P') = 5(P) = 29BA,, (17a)
AP = 2AP2 + (1 — AN, ) + {Na)]
= n?B[4Aa,? + (1 — n)/7); (17b)
24,

1 (L- (170

Direct detection of the same input signal would give the
following output signal, noise, and SNR;:
(No') = 9(Ng) = 147,
ANy 2 = n2A42[4Aa:2 + (1 — 9)/7; (18a)
Ay

SNR)p & [ = (SNR)z.. (18b)

(SNR)y = [iAa;

Equations (18) and {17) show that the absence of any
contribution from LO quadrature-phase noise in the
output noise of two-port homodyning can be a distinct
advantage when one wants to detect squeezing in the
input signal. For example, for two-port homodyning
with efficient photodetectors (3 = 0.9) the ratio between
the output noise produced by a coherent-state input
signal (4Aa1? = 1) and that produced by an input signal
that has been squeezed by a factor of 10 (4Ag 2= e—2r
= 0.1} is about 5:1. The same ratio for one-port ho-
modyning with an ideal (coherent-state) LO (4Ab2 =
1) and a 90/10 beam splitter is about 3.5:1. For the
same squeezed input signal, two-port homodyning offers
an improvement in output SNR over one-port homo-
dyning by a factor of roughly 1.3, and it has the addi-
tional advantage of not requiring a quiet local oscillator.
More-efficient photodetectors and/or a more highly
squeezed input signal would make this comparison more
dramatic.
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