


the average intensity il,> calculated over the entire set offrames in any experirnental run. The extension of the pulses ir! 
the z direction is investigated by siinultaneously recording the intensity distributions at the three planes zl, z2 and z3 
plane. The three CCD are driven by the same trigger, whose delay time is negligible with respect to the liquid crystal 
response time. We select z,=O, z2=5 and z3=32 cm. The magnification ratio, the size of the window and the intensity 
levels are the same for the three planes. Three spatial profiles recorded at the three different planes are displayed in 
Fig.7. By reslicing the movie recorded in z2 along the direction joining the two puises and by keeping the temporal 
dependence, we obtain the spatiotemporal profile shown in Fig.8. 

Fig. 6. Spatiotemporal pulses observed for V0=20 V, Ip=2.0 mw/cm2; a) instantaneous snapshot; b) spatiotemporal plot 
obtained by cutting the movie along the y direction. 

O ~(rnrn) 

Fig. 7. Spatial profiles recorded at zl, z2 and z,. Colors on line, from blue (minimal intensity) to red (maximal intensity). 

It can be seen from Fig.7 that at z3 the two large pulses have disappeared whereas fiom Fig.8 we see that the pulses have 
a limited temporal extension. By taking the half height width of the pulses with 1, (x,y,z) > 3 <Ic> and by averaging over 
more than one hundred profiles, we find that the transverse size of a pulse is 250 It 50 pm whereas its average lifetime is 
around 0.5 It 0.1 S. As for the longitudinal extension, by inspecting several movies taken at different 23,  we estimate it 
around 30 cm. 

Fig. 8. Spatiotemporal profile extracted from the z2 movie. 
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4. THEORETHCAL MODEL 

The model for the liquid crystal oscillator is derived by coupling the Maxwell equations for the cavity field with a Debye 
relaxation equation for the refractive index change in the liquid crystal layer [16]. The model takes into account the Kerr 
nonlinearity of the medium as well as the 2WM mechanism of photon injection inside the cavity. The LCLV is 
positioned in z=0, perpendicularly to the cavity axis and (x,y) denotes the coordinates in the transverse x,y plane. The 
refractive index n(x,y,t) satisfies the equation 

where V: is the transverse Laplacian, 1D the transverse diffusion length and a the nonlinear coefficient of the LCLV, n, 
a constant value determined by the voltage Vo applied to the LCLV. The total electric field at the entrance of the liquid 
crystal layer is 

i k  r o t i k z o t  
E(x,Y,t) = Epe p ) + ~ c e ( c  - ')+c.c., (5 

where E,=E,(x,y,t) is the complex amplitude of the cavity field and E, is the amplitude of the pump plane wave, which is 
taken as constant. The intensity at the entrance side of the LCLV is 

and gives rise to a refractive index change with two components, one varying slowly in space, the other corresponding to 
a spatial grating with wave number kl = kp - k,. We thus write the refractive index as 

2 
n(x,y,t)=n,-alEPI +n0+nle-"l~. ' l  + c.c., (7) 

where bp12is constant. When we substitute this expression in the equation for n we obtain 

for the slowly varying fields no and n,. 

The wave equation for the cavity field is written for a planar cavity by adopting the slowly varying amplitude 
approximation and by considering no and n, small. Due to the large scale separation between the medium response time 
and the cavity round-trip time, we neglect the time derivative and get 

where W(z)=l in the liquid crystal layer and O elsewhere, 6 is the phase shift acquired by the cavity field in a round trip, 
y, is the cavity loss rate, Ep(0)=E, and we have assumed k=kP&. 

Since the liquid crystal layer is thin, inside the medium we neglect the transverse Laplacian and we consider the 2WM in 
the Raman-Nath diffraction regime. Thus, inside the medium we have to take into account multiple order scatterings of 
the pump [16]. By doing this, we obtain the following expression for the cavity at the exit of the LCLV 

E,(I) = eikinO (Jo(2kln1)Ec + i* Jl  (2kInlnEp (O)), 
ln1 l (1 1) 

where JO and JI are the Bessel functions of order zero and one, respectively. 

4 
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Outside the LCLV the field evolution is governed by diffraction, thus the transverse Laplacian has to be retained. By 
considering that the cavity field has to salis@ the periodic boundary conditions imposed by the cavity. including the 
presence of the lens, it can be shown that the cavity field at the entrance of the LCLV is given by 

where 

is the operator describing the mutual coupling between the cavity modes 

ilkn n G = C e  o'~l(2klln,l) 
ln11 

is the operator accounting for the 2WM process of photon injection inside the cavity and 

is the operator describing the field propagation inside the cavity. L1 is the distance between the LCLV and the lens, (1-T) 
is the fraction of lost photons in a round trip, 6 is the phase shift acquired by the cavity field in a round trip and S is the 
specular operator, m being the number of mirrors of the cavity (S exchanges rl with -rl). 

Equations (8,9) and equation (12) constitute our model. The first two equations describe the dynamics of no and nl and 
contain the cavity field E,, given by the last equation as a function of the refractive indices. Eq.(12) has a simple physical 
interpretation. The first term with s=O gives the field scattered by the LCLV into the cavity with E,=O and its subsequent 
evolution in a round trip. The other terms are the contribution of this field after s retums to the LCLV. Because of the 
cavity losses, this series converges and can be approximated by a finite number of terms. 

b: 

4.1 Analysis of the model in the one-mode approximation 

In the linear regime the cavity field grows exponentially above a threshold value of the pump intensity, until saturation 
terms become relevant. We assume that only one longitudinal, one transverse mode of the cavity is nearly resonant and 
undergoes oscillations. This condition can be experimentally obtained by putting a diaphragm inside the cavity and by 
closing it in such a way that only the fundamental transverse mode is selected. The selection of the longitudinal mode 
takes place through the frequency detuning with respect to the pump field, as it follows fiom the analysis below. In the 
one mode approximation the operator equation to obtain the cavity field is replaced by the scalar one 

where 60 is the phase acquired by the cavity field in a round trip, Le., 

is the frequency detuning of the caviG mode with respect to the pump field. Let us assume that the eigenmode is smooth 
with respect to the diffusion length lD, then Eqs.(8,9) become, respectively, 
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We now linearize Eqs.(18,19), in order to study the stability of the stationary solution no=nl=O and tind the threshold 
condition for the cavity oscillation. The first equation gives rdno/dt=-no, thus we can take no=O and consider only the 
second equation, which yields 

The threshold condition is Re[c2]>0, Le., 

2 2 sin 6 -1 - 1 -nIp > O.  
I + r - 2r1I2 

Fig. 9. ch/cI as a function of 6dy for aIp/ycl=8. The dashed lines represent the amplified modes of the cavity. The dot lines 
are the sub-threshold ones. 

The second term is zero at zO=O and has a maximum at zO= zOM for which the threshold value of aI, is minimal and given 
by 

For cavities with very small losses, the threshold condition becomes 

where y= l-I""<<l. In Fig.9 we report. cIi/CI as a function of zO/y for aIJycl=8. The dashed lines represent the resonant 
modes and have a negative 60, whereas the dot lines are the sub-threshold modes. For high negative detuning the gain 
decreases and becomes negative, because of the phase mismatch among the cavity fields with different number of round 
trips (in other words, the terms in the series of Eq.(ll) sum up to zero because of destructive interference effects). 

It is interesting to note that the imaginary part of c2 gives a phase rotation of nl and, consequently, of E,. Thus, the cavity 
field has a phase drift with respect to the purnp E,. The corresponding fiequency difference, calledpulling [l] , is always 
negative and for y«l equal to 
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At the threshold and for 

Le., it is of the order of the relaxation rate of n,. 

4.2 Two-dimensional numerical simulations 

We have performed numerical simulations of the mode1 equations, Eqs.(8,9) and Eq.(l2),for one transverse dimension x. 
The parameters are chosen from the experiment, ~ = 4 0  ms, lD=30 Pm, I,=2 mw/cm2 and a=4  cm2/w and set to a regime 
where many modes are present. The number of terms in the surn is truncated to the number of round-trips given by the 
average lifetime of photons in the cavity. In Fig.lOa we show the intensity distribution calculated in the x,z plane at a 
fixed time, whereas in Fig. lob is shown a spatiotemporal profile at a fixed z. As in the experiment, spatiotemporal pulses 
appear as light filaments confmed both in the transverse and longitudinal direction. 

Fig. 10. Numerically calculated field distributions: a) a cut in the x-z plane at a fixed time; b) a spatiotemporal profile at a fixed z. 
The dashed line in a) marks the lens position (L1=1.3 m, Lz=l. 1 m and f=0.7 m). Colors on line. 
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