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Theory of Optical Maser Amplifiers

F. T. ARECCHI anp R. BONIFACIO

Abstract—The interaction between an electromagnetic (em) pulse
and a maser medium is described by a general set of five equations,
under the assumption of a homogeneously broadened electric-
dipole transition with two Bloch relaxation times T, and T,, and
of a linear broadband loss mechanism. When the equations are
specialized at resonance, their solutions include the results of the
previous treatments on the amplifier problem obtained under
particular assumptions. The steady-state pulse (S. S. P.) introduced
by Wittke and Warter for 7,/7T, = 0 is here generalized for
T:/T: # 0 and it is shown to propagate at the same velocity of
the light in the medium. In the case T./T; = 0 the steady state
is described by exact analytical relations. For times short in com-~
parison to the relaxation times, a solution is given which generalizes
the usual interaction formula between an em field and a two-level
system by introducing propagation effects. In the general case out
of resonance, it is shown that an S. S. P. exists, and that its fre-
quency coincides with the frequency of the atomic transition,
independent of the frequency of the input field.

I. INTRODUCTION

HIS PAPER gives a theoretical description of the
interaction between a maser medium and an em
pulse propagating in it.

A suitable model for this problem is an ensemble of
identical two-level systems, which at some time starts
interacting with a linearly polarized quasi-monochromatic
wave. The transition is electric dipole with moment u and
is assumed homogeneously broadened. A certain degree

of randomness must be introduced to take into account.

the incoherent pumping mechanism and the interactions
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with the surrounding media. Therefore the ensemble is
described by a density matrix with two relaxation times,
T, for the diagonal elements, and T, for the off-diagonal
elements [1], analogous to the phenomenological relaxa-
tion times used by Bloch in nuclear magnetic resonance
[2]. Assume the field to be intense enough to be described
classically; it is understood as a quasi-monochromatic
plane wave. The evolution of the active medium is ac-
counted for by three coupled equations in the density
matrix components. Furthermore, in the presence of a
distributed linear loss mechanism of such a broadband that
does not contribute dispersion effects, the field is described
by two transport equations.

This basic set of five equations is first specialized at
resonance, in order to make a comparison with some recent
works dealing with the same subject [3]-[5]. In Frantz and
Nodvik [3] and DuBois [4] a rate-equation approach was
used; we will show how it gives a correct picture for
observation times much longer than the coherence time
T, of the induced dipoles. A density matrix treatment was
made by Wittke and Warter [5] under the foregoing as-
sumptions for the amplifying medium and the so-called
S.S.P. was introduced as the asymptotic limit at which the
em pulse no longer changes for an observer moving with
the pulse. However, Wittke and Warter limit their treat-
ment to resonance and use a finite difference field equation
which allows for only numerical computations in the limit-
ing case of T';/T, =0 (recovery time of inverted population
much longer than the dipole coherence time).

In this paper, both rate equations and 8.S.P. treatments
appear as asymptotic evaluations over different regions
of a general space-time domain. Furthermore, the S.S.P.
is treated in the general case T»/T, # 0, and its behavior
has quite different results from those of Wittke and Warter
[5], especially since this behavior propagates at the same
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velocity of the light in the medium. At resonance, a
simple solution can be given for times short in comparison
to relaxation times, and it generalizes the usual interaction
formula between an em field and a two-level system by
introducing propagation effects. The general asymptotic
solution out of resonance shows that even in this case
a S.S.P. exists, and its frequency coincides with the fre-
quency of the atomic transition, independently of the
frequency of the input field.

I1. INTERACTION EQUATIONS

To further specify the general assumptions, we think
of the amplifying medium as a system of identical atoms
uniformly distributed along an z direction and weakly
coupled among each other, so that mutual interaction can
be accounted for by the relaxation time 7',, which is the
reciprocal of the homogeneous linewidth. The electric
field E(z, t) starts at a time that we assume as origint = 0
at the boundary = 0 of the material, and propagates as
3 quasi-monochromatic linearly polarized plane wave for
z>0

1

where w and k = w/c are constants, ¢ = (eu,) /* being
the light velocity in the host material which contains the
active two-level systems. The amplitude F, and phase
» are slowly varying with respect to the optical frequency
changes, that is,

E(z, t) = Eylz, £) cos [wt — kx + o(z, )],

@)
9 . 9
9z L k; Y L w

The evolution of the atomic ensemble under the influence
of this field is given by (47) of Appendix I. In the presence
of the field, the medium is characterized by a macroscopic
volume polarization with “in-phase’” and “in-quadrature’”
components with respect to E(z, )

P(z, t) = C(z, t) cos [wt — kx + o(z, )]
+ S(z, &) sin [t — kz + o(z, 1)], (3)

and by a population difference D between upper and lower
level. C, S, and D are connected to the atomic parameters
through relations (48). The propagation of the field with
induced polarization as a source term is given by (51)
of Appendix IT. '

A more suitable presentation for this transport problem
is obtained in a transformed frame characterized by

(t — z/0)/T,
z/(cTs).

Furthermore, let us normalize the induced polarization
components and the inverted population to the value
D, of the population difference at equilibrium with the
pump, and write the field in an adimensional form. This

I

T

n =

1
\
i
A

{
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gives us a set of useful parameters

0 = T.Ewu/k = T,A

A = D/D, @
® = S/(uD.)

v = —C/(uD,).

The first three quantities have been denoted as the similar
ones of Wittke and Warter [5] for sake of comparison.
Furthermore, this treatment considers ¥ and ¢ which ac-
count for the dispersion properties of the medium. In this
new notation, the whole set of interaction equations
becomes

9 3+ oa— <so +a—“’)\1/
ar ar
v _ 9«2)
ar v+ (60 + or ®
oA
5. = —0% — (A - 1) (5)
de _
Gan = G¥
98 _ ¢ — L),
an

in which
6o = w — wg

is the difference between the frequency w of the field and
the frequency w, of the atomic transition,

Y= Tz/ T, 7 (6)
is the ratio of the two relaxation times, and
G = a,T,/2 )
is the field gain over length ¢7';. Here we have denoted by
2
_ _wuN
a, = ech DeTg (8)

the power-gain coefficient per unit length when the popula-
tion is at equilibrium with the pump. The minus sign
derives from the fact the D, has been defined as the dif-
ference between lower and upper level populations, and
is negative when the population is inverted. In the fol-
lowing, o, may be calculated at w, even when the field is at
w, because this slight difference is immaterial. Finally,

_ O'Tg
T 26

is the ratio between the losses and the gain G.

9)

III. D1scUSSION OF THE AMPLIFIER EQUATIONS

Equations (5) give the behavior of the system in the
region n > 0, 7 > 0 provided the following boundary con-
ditions are satisfied




1965 Arecchi and Bonifacto: Journal of Quantum Electronics 171

&, r=0)0=0
Y(p,7=0)=0
Ay, 7=10) =1 (10)
6(n=0,7) = 6 '
e(n=10,7 = 0.

These conditions state that for = 0 the active medium is
in equilibrium with the pump and that the envelope of
the applied field at the amplifier input is a step function
of strength 6,. By a series expansion around the point
7 = r = 0 one can show that these conditions are sufficient
" to determine a unique solution. First we investigate the
problem in the case 6, = w — w, = 0, that is, incoming
field at resonance with the atomic line. For §, = 0 one
immediately verifies by direct substitution that a possible
solution, and therefore the only solution consistent with

over the whole  — 7 domain.
Equations (5) reduce, therefore, to

o

o = —& 4 6A

L= - ‘?—ﬁv[a —1] (11)
70

5 = (@[® — 6]

Instead of studyingvthe general solutions, it is interesting
to study the limit behavior on four lines (Fig. 1) of the
n — 7 plane

a) 7=0, =0
b) n =0, r>0
) 17— ®, n >

0
d) n— =, r > 0.

the stated conditions is
¥ =0, =0
/@%——- 0o KJ_EL
%(_ |
L ——
1
I Boundary condifions:
¢(r11 r'=0)=O
\ A(n, 7=0)=1
) 6n=0,7)=
$(N=0,7) (Jr' M=0,71=60
6>1244 |
ford ¥'0 N
{90<1I‘2~ \‘\)
L~
] rr(qzm nr\..o)f ‘
pn=om %
T\
]
) — = N\(7=0)
& 50, 7=0) 8 (o=, 7=0)A50
(a)
64
T=0

9=6,¢

6- 6, LN

-6Ln

(b)

N

Fig. 1. (a) Lines of the n — 7 plane where the propagation problem of a step pulse is studied.

(b) Comparison of the © vs. 7 diagrams at the
(15) (approximation of Frantz and Nodvik [3]).

initial time following (12) (exact solution) or
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On some of these limit lines solutions already known from
previous studies are found and here reduced to particular

~ cases of a more general treatment. On the other limit lines
new consequences are shown which are intimately con-
nected to the detailed mechanism of the quantum am-
plifier and which could neither be explored by an elemen-
tary energy balance, as done in the rate-equation ap-
proach, nor by a more sophisticated atomic model which
yet neglected the transport properties of the field.

Case a) corresponds to the case of illumination when
the induced dipole strength is still zero and the field can
interact only with the loss mechanism.

Case b) corresponds to studying the interaction at the
initial section of the amplifier, where reaction on the field
can be neglected, and the problem is therefore reduced
to the well-known one of two-level pulse inversion [2].

Case c¢) corresponds to the asymptotic behavior when
the induced dipole moment is in equilibrium with the in
verted population as is assumed in the rate-equation ap-
proach.

Case d) generalizes the 8.S.P. taking into account the
finite value of T',.

Casea) r =0

Before the onset of an induced dipole moment, the loss
contribution only is effective in the third part of (11) and,
therefore, the solution is

0(n, 0) = B~ %", (12)

That is, the initial part of the pulse is not amplified but
decays to zero, whereas in a rate-equation approach [3],
even when losses have been introduced, the material still
behaves as an amplifier at the initial time, as shown in
Fig. 1(b). The result might seem paradoxical at first sight,
especially if one takes into account the assumption of a
step-like incoming field. Actually, this is the behavior of a
sharp front, whose leading edge has a rise time short in
comparison to the build-up time of the induced dipoles,
whereas the loss mechanism is so fast that it reacts almost
instantly with the incoming field. Physically these losses
may be attributed to scattering centers which change
the optical properties of the medium with their resonances
far away from w,, so that the tail of their dispersion curve
is almost flat around w,.

Caseb) =0
In the first section of the amplifier the applied field is
unperturbed and therefore (16) reduces to

3%

3 = eoA — &

! (13)
94 _ —0yd — y[A — 1].

ar

"This is the well-known case of illumination of a two-level
system by a strong field, and does not require further
comment. Solutions for ® and A are of the type exp (ar),
where :
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oo =+ E£iVv4ael — 1 -y’

2 )
that is, ® and A decay toward the asymptotic values

Y
Au, = 3
v+ 6 (14)
@m = eoAm

with an oscillating behavior, provided that
6, > (1 - ’Y)/ 2.

This condition is always fulfilled for any input when ¥
is near to unity (which is a good approximation for the
Ne laser). Both cases of oscillatory and monotonical polari-
zation @ are plotted qualitatively in Fig. 1(a).

Casec) r— o

For local times much longer than T,, but still short in
comparison to T, that is, for 7 >> 1 but + < 1/4, the
equilibrium value ® = A© is reached while A has not yet
reached a stationary condition. In this case equations (11)
reduce to

oA
E = —pA —y(A — 1)
(15)
9p _ _
an 2Gp(A — L),

where p = ©° is proportional to the photon density. These
are the transport equations in the rate-equation approach
[3] and this derivation from more general principles shows
their limits of validity. For + — o, A goes to the value

A(n) = v/by + p(n)] (16)
which generalizes (14) for n > 0, and p is given by
L
ps __ |p(m) = pal
= exp [—2GL(1 — L 17
e g = ew 2010~ Dl ()
where
1—-L

is the value of p for 7 — . From (17) taking the square
root of p(n), one obtains the plot of © vs. n which is re-
ported at the top of Fig. 1(a) for given values of G and L.
Using (17) one might as well obtain the plot of A vs. 7.

Cased) n— o

From a physical viewpoint, one may expect that, due
to the competition between gain and losses, a stationary
condition is reached eventually in which the pulse prop-
agates without changing shape and size (S.8.P.). Let us
look for a solution of the transport problem corresponding
to a pulse moving with velocity ¢ without changes. This
corresponds to put the Lagrangian derivative of 6 equal

* to zero, that is,

(19)
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which is equivalent to

& = Lo. (19a)

We will show now that condition (19) can be satisfied for

n— . The third part of (11) can easily be integrated, and
gives

1
6(n, 7) = 00, e + G~ [ e, ) an'
the limit of which for # — o is for any applied field
6(0, 7)

"
G eI dy’
lim 6(y, 7) = lim —ﬁ'—‘ =7 lim &(y, 7)

71— 7o 71—

which is the equality (19a). In this way, the existence of
the S.S.P. has been proved for a general input shape 6(0, 7)
demonstrating that the S.S.P. has no memory of the
applied field at the input section. Introducing the 8.5.P.
condition into the general equations reduces them to the
following equations in p = 6” and A

dp _ (é_ >
ar —2A\p 1

dA ,
5= ~Le (a1
-

(20)

The S.8.P. has already been introduced in Wittke and
Warter [5] by numerical computations, and for the limit
case v = 0. Here it appears rigorously justified, and fur-
thermore can be dealt with in the general case v # 0.
Since it has many physical applications it requires a more
detailed treatment as will be presented in Section IV.

IV. THE STEADY-STATE PULSE

A. General casey # 0

The S.8.P. is given by (20). A general solution cannot be
worked out analytically, due to nonlinearities. The as-
ymptotic solution for r — « is given by
=1L

1-1L
Po =Y §7

As
(21)

By a linear expansion around this singular point, one can
study the behavior of the pulse for very long times. The
latter is damped oscillator, with a damping time 27, and

a pulsation
_ \/_2_ 1—L_ 1
CENTT, L 4T?

which is real until v < 8(1 — L)/L, that is, when

1

L<iy.7s

(22)
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For instance, for v = 0 and v = 1 this implies that L is
less than 1 or §, respectively. In a real amplifier, with
relatively small losses, condition (22) is always fulfilled
and therefore the singularity is a focus in the phase plane
A — p. A study of the characteristics of the differential
system (20) has been carried out in the plane A — p with
an Olivetti-Elea 6001 computer. The system has two
singular points, a saddle point corresponding to the equilib-
rium with the pump

Po=(p=0A=1) (23)

and the focus P. attained for 7 — « and already con-
sidered in (21). The straight line which connects the two
singularities is a locus of extremal points (maxima and
minima of A vs. time), the horizontal line which crosses
P. is the locus where the characteristics have vertical
tangent (maxima and minima of p vs. time). In Fig. 2 two
examples are plotted for different values of L and incoming
radiation strength, and a qualitative plot of 6 vs. 7 is
reported on the right side of Fig. 1(a). An interesting prob-
lem arises in connection with a laser amplifier with y = 1,
namely to discriminate between cases where A does not
change sign and cases where A crosses the zero line during
the oscillations. In the first case an inverted population
A acts as an amplifying medium, whereas in the second
case in a suitable time interval a coherent two-level in-
version might occur, as in the paramagnetic case. As one
easily realizes from Fig. 2, the value of L separating the
two cases is that having a particular characteristic which
in its first loop, starting from the line of the initial con-
ditions. A = 1, crosses the locus of extrema at the inter-
section with the p axis. This occurs for a value L between
0.3 and 0.4. Thus, for L < 0.3 a two-level inversion
would be possible. The case v = 1 has been considered
here sinee it corresponds to a set of experimental gaseous
lasers, namely those for which T, =~ T, that is, those
which work at such low pressure that collision exchange is
negligible with respect to the spontaneous decay occuring
to the usual He-Ne laser [6].

B. Casey =T,/T, =0

Equations (20) have an analytical solution in the par-
ticular case y = 0, that is, when 7', >> T',, so that one can
neglect the relaxation of the diagonal elements of the den-
sity matrix. This analytical solution is fitted by the
numerical computations of Wittke and Warter [5]. When
v = 0, (20) yields the relation:

&A d_A( é)_
dr2+2d'r 'I—L =0

which can easily be solved for the initial conditions A(0) =
1, p(0) = po (where p, is very small). Denoting by A, and A,
the roots of the equation dA/dr = 0, that is,

A =L+ \/(I—L)2+p0L

which represents the points where p = 0, and using the
notation

(24)
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Fig. 2. Plot of the characteristics A — p for two different values of L. The line A/L = 1/L
1s the locus of the initial conditions for + = 0. A physical characteristic must start with an
initial value py < 1. (a) L = 0.4. In this case, the characteristic with po =~ 2.5 is tangent to
the p axis in its first loop, therefore a physical characteristic can not cross the p axis, and the
population difference never changes sign. (b) L = 0.2. In this case, the characteristic with
po = 5 is tangent in its second loop and obliges the characteristics with lower po to cross the
line A = 0. Two-level inversion can therefore be obtained on some interval of time.

1=,

K—Al_l
a=A1__ﬁ
L 1

the solutions for A and p are

AKe T + A,
Afr) = 22— 2
() 14 Ke ™" (25)
p(7) Ko (26)

=4y, ——2
Pu (1 + Ke—c‘r)2
where
1 — LY
PM=C¥2=P0+(T) :
is the peak value of the photon density. Since
po K (1 — L)*/L7,

that is, the initial photon density can be neglected com-
pared to the maximum of the S.5.P., one can approximate

A ~1, Ay >~2L — 1.

We notice by direct investigation of system (20) with
vy = 0, that:

a) A decreases monotonically with time,

b) the photon density has a maximum for A = L,

¢) the induced dipole moment ® = LO represents the
square root of p.

Furthermore, relation (26) shows that:

a) The photon pulse above p, is symmetrical around its
maximum, and returns to zero for A = 2L — 1. Its half-
width is given by

L
e =7 B+ V'8). @7

b) The area of the pulse above the initial value is given
by

1—-1L
4 =255 =2V o — po.

A qualitative plot of p and A vs. r is shown in Fig. 3 for
a value of L less than 0.5.

(28)

C. Practical considerations on the S.S.P.
The time r, for which p is maximum is given, for p, < 1,
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Fig. 3. Diagram of A and p vs. 7 for a value L < 1/2 (final value
of A below zero), when T'3/T; = 0.
by the following:
_ L 41 -DD e -
Tm = 20 = I) In oL (29 ar 0A
and becomes very long when p, goes toward zero. Actually 94 _ 0d (30)
po — 0 is a limit situation, and in practical cases the S.S.P. ar
condition is approximately satisfied when the incoming 96
pulse has been reduced by losses to a value p, << 1. For an Go

instance, if one takes p, = 107, which corresponds, for a
material like ruby, with an oscillator strength f = 107° and
T, ~ 107" sec [7], to a residual power flow of about 10
W/em?, we have the following values of ., for two dif-
ferent values of L:

T 2

L = 0,55, 10

L = 0,99, Tm == 140.

One sees that the maxima of the S.8.P. can occur for local
times much longer than T, and therefore can be observed
with usual techniques even for very short values of T,
once high loss values are provided.

One may ask how long a maser rod should be in order
to achieve the S.8.P. condition at the end. From a prac-
tical viewpoint, the condition dp/d% = 0 is almost satisfied
for a length 5 much longer than GL. For instance for a
maser medium with scattering losses of 10 percent per cm,
one should use a length large compared to 10 em.

V. SHORT-TIME SOLUTION IN A LOSSLESS AMPLIFIER

When L = 0, there is no S.8.P. as one can see from
(19a). For times long compared to T, this case has al-
ready been studied using the rate-equation approach [3].
It is now interesting to study the behavior of the lossless
amplifier for » < 1. In this case equations (11) reduce to

with the boundary conditions (10). Since the first two
equations lead to the following relation

9 2 N
5;(@ + A =0

a transformation of variables can ‘be made’

$d =rsin¢ (31)
A =rcosé

with the initial conditions
r(n, 0) =1
£(n, 0) = 0.

Equations (30) become therefore
ar
ar 0
9 _
9 = 5] (32)
00 .
oy Grsin £.

! The mathematical approach of this section has been proposed

and worked out by Dr. C. Cercignagni and Dr. A. Ghirardi.
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The first yields » = 1, the second and third yield
S
3 0n Gsin ¢

which is equivalent to the integral equation
T 7
() = r + G [ ar [ awsinet, ) (39)
0 0

where the last term takes into account the boundary con-

dition
i£> _
(a T/ 3=0 - eo '

successive orders of ap-
0. The solution at the

Equation (33) can be solved in
proximation starting from 5 =
Oth order is

EO(‘”! T) = eOT-
The solution at any order is given by the following recur-
rence formula
T 7
£ = En1 + G f dr’ f dq’ sin £,_1(7, 7'). (34)
0 [
The existence and uniqueness of a limit for m — « of this
formula can be proved by an extension of a well-known
theorem on the Volterra nonlinear integral equation of
the second kind [8]. The solution at the first order is

a0 = 0+ L —cser) ()

from which one finds ‘
91 = 60 + Gﬂ Sin 90 (36)

Equation (36) shows that, at the first order, the field is
affected by a term oscillating in the local time r with a
frequency 6,7, = Eon/h and with an amplitude increasing
linearly along the amplifier. From (35) one finds the fol-
lowing relation for the induced dipole

&, = sin [eor + g—: (1 — cos 907)} 37)
where the Oth order contribution is the well-known term
given from the usual theory for a two-level system [9], and
the second term takes into account the propagation effects
when the field increases with the law (36). For very high
fields the second term vanishes, and ® reduces to the rela-
tion used in the two-level pulse inversion technique and
usually calculated in the approximation of an unperturbed
pumping field. - :

VI. AsymeproTic EVALUATIONS FOR F1Enp OUT OF
RESONANCE

When the field is not at resonance with the atomic
transition, that is, 6, = @ — w, # 0 one has to work on
the general set of (5). However the problem is quite
simplified if one looks only for the asymptotic behavior
at large n’s, which has already appeared as a particularly
interesting situation.
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We show that also in the off-resonance case there is an
S.8.P., that is, the asymptotic pulse propagates without
changing shape or size, and its Lagrangian derivatives.
86/d7n and d¢/dn are zero.

That 86/97 is zero is easily proved as shown in Section
III. That 8¢/d7 is zero is proved by direct substitution;
namely from the fourth and second parts of (5);
dp/9n = 0 implies that ¥ = 0 identically and therefore

9 _ _
5, = oo (38)
Now the solution at 7 = 0 of (5) for pis (g, 7 = 0) = 0
and the integral of (38) with this initial value is therefore

@ = — 07 (39)

which is also consistent with the other parts of (20).
Therefore, for the uniqueness of the solution, the initial
assumption d¢/dn = 0 is correct and the asymptotic solu-
tion is an S.8.P. solution with ¢ given by (39).

The equations of the S.8.P. are formally identical to
(20) but with the following fundamental difference. Here
the cosine argument of relation (1) is given by

(40)

WwT — 8gT = WeT,

that is, the central frequency of the S.8.P. field coincides
with the center frequency of the atomic line. At first sight
this result might not seem consistent with the principle
of stimulated emission, which would suggest that the

" amplified contribution should belong to the same frequency

of the incoming wave. A physical explanation of this
phenomenon must take into account the finite spectral
width of the incoming field. The spectrum of the em pulse
(1) even if not centered at the atomic transition fre-
quency, has a tail at w, because of amplitude and phase
modulation. Now, even if initially the spectral component .
0, of the field at w is much larger than the component
6., at w,, then, in the course of the propagation there will
be a continuous decrease of the ratio ©,/6.,, up to the as-
ymptotic value 8,/6,, = 0 since the gain is larger at res-
onance, whereas the relative losses do not depend on the
frequency. The S.8.P. situation is therefore an asymptotic
one of balance between gain and losses, where memory
of the input field has been completely lost, and the prop-
agating field depends only on the features of the medium.
This situation is analogous to that of an oscillator, with
the difference here that the frequency is not determined
by the resonant properties of an em cavity but only by
the material. A scheme of this kind would be a better
frequency standard than an oscillator, where the frequency
of the cavity is subject to external perturbations. The
spectral width of the S.8.P. is defined only by the spectrum
of the envelope, since the phase goes linearly with the
time. It follows that the spectral width depends on the loss
factor and for high losses decreases as (1 — L)/L, as
shown by (27). Therefore a long amplifier suitable for
yielding a standard frequency pulse should have high
losses. -
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These considerations are similar, although inferred in a
somewhat different way, to some ideas developed re-
.cently on the problem of the frequency standard [10], {11].

VII. CoNcLUSIONS

The theory developed here describes in a general way
the interaction between a maser medium and a field not
necessarily at resonance with the maser transition. Par-
ticular emphasis has been given to solutions of four regions,
.corresponding, respectively, to a) no induced polarization,
b) unperturbed field, ¢) long times (rate-equation ap-
proach), and d) large lengths (S.S.P. condition). The Jast
case has appeared particularly interesting and when a
usual laser material is doped with quite a large density of
scattering centers it appears already detectable for small
lengths. The results presented here are quite different
from previous treatments. The most interesting features
of the 8.5.P. are first, that it propagates at the velocity
of the light in the medium, and second, that when the
field is out of resonance, the S.5.P. field frequency is
moved away from the input frequency and coincides with
the atomic transition frequency. This last fact could be
used to design a frequency standard.

AppPENDIX I

With reference to the assumption of Section I and II,
the Interaction coupling electric field and dipole moment
u of each atom at a given point in space gives rise to an
equation of motion for the density matrix p. Using the

> interaction representation, the motion can be represented

in a 1, 2, 8 frame rotating at an angular velocity w, equal
to the frequency difference of the two atomic levels by the
motion of a vector R whose components are the following
linear combinations of the p components (see Vuylsteke
[9] for notations):

R, = Plﬁ + Pzﬁ
R, = 'I:(Pfg - Pzﬂi) (41)
R, = Pﬁ - P;kz = P11 — Po22.
The equation of motion for R is )
®_L(D, g
5 =7 \3) — @R+ QXR. (42)

In this equation, é; is the unit vector of the ¢ axis ( =
1, 2, 3), D, is the population difference at equilibrium with
the pump, N is the active atom density, the matrix product
®-R accounts for the relaxation processes,

1

BR = R+ g Rbs + Ry (4
and the Q vector stands for the interaction
| Q = Acos [(w — w)t — kx + o(z, 1)] (a4)
Q = —Asin [(w — wo)t — kzx + oz, §)]

where A is the amplitude of the interaction in angular
frequency units: :
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Until now we have followed the treatment of Vuylsteke [9],
with the following main changes. First, our formulas de-
pend on both time and space, and therefore the derivatives
are partial and z denotes the position of the center of a
given atom. Second, we use a real notation instead of a
complex one and therefore relations (5.24) of Vuylsteke
[9], lead to our relations (44) by the substitution here

shown,

A= (45)

—iwol .
Hl;g — H]ge iwe , H2;|1= — HZlelun'

and
H, = H,; = pE, cos [wt — kz + ¢(z, 1]

having assumed p as real. Now we make a change of ref-
erence in order to write equation (42) in a more suitable
form. The © vector lies on the 1-2 plane and rotates at
a velocity proportional to the off resonance

e

6=w—w0—|-§, (46)

i.e., its unit vector fi rotates as

B = —sty X 1.
Equation (42) can be rewritten in a new frame whose 3
axis coincides with the previous one, whereas its 2 axis
coincides with the @ direction. The R vector in this new
reference still obeys an equation like (42) where now Q
is given by

Q =0
Q= A
Y =35
The components of (42) become in this reference
G_R{ — — sPp/ _; ' -
6 t = BRAZ + AR3 - T,2
OR; _ opr _ B2
3 = 3R] T, (47)
R,

T = —AR{ — 7= (R — D/N),

The physical meaning of the three components is the fol-
lowing. R} is proportional to the inverted population dif-
ference D = n, — ny, R} and R are, respectively, pro-
portional to the “in-phase” and “in-quadrature’” compo-
ents of the induced macroscopic polarization (3), that is,

C = —uNRj
S = uNE]  (48)
D = —NRj.

The relationships between the C and S components of the
polarization and the R, and R/ components of the R’
vector are easily proved as follows. The volume polariza-
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tion is the statistical average of the moment operator 91
over the ensemble, that is,

P(z, 1) = N (W) = NTr{pM} = —~Nu(pr2 + p2r). (49)

since I has only off-diagonal elements equal to' —u. If
we now write in the interaction representation and take
into account (41) and the transformations formulas

_ fwot

P12 = pise ,
—1twol

pa = paie ",

P can be written as
P(z, t) = —Nu(R, cos wpt + R, sin wol).

The second change of reference corresponds to the fol-
lowing transformation of the R components

[ 1] _ [—sin a cos on [R{J
2 —cosa —sin o (R}
(w — wo)t — kx + ¢(z, 1).
Making this substitution, we arrive at
P(z, t) = NuR{sin [wt — kz + o(z, 1)]

— NuR} cos [wt — kx -+ o(z, 1)]
which proves (48).

where

o =

(50)

ArpenDIx I

DERIVATION OF THE TRANSPORT EQUATIONS FOR THE
EM Fierp

We derive two transport equations for the amplitude
and phase of the electric field (1) under assumptions (2)
and with the polarization by (3) as source term. Let us
take a volume distribution of losses, represented by a
constant conductivity . Maxwell equations written in
mks units, reduce in our one-dimensional case to (see, for
instance, equation (3) of Lamb, [12])

2 2 2
%_xE—z=l-¢u %Et"-i-noeaa—iz-Fuoaa—?
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where u, and e are the em parameters of the medium which.
includes the active two-level systems, and hence ¢ =
(emo) ™? is the light velocity in the medium. From this.
equation, using (1) and (3) together with assumptions
(2), and equating separately sine and cosine terms, we
arrive at the following transport equations

de Qs£>_2
&Gm ) ~ 2. ¢

BE'O

(51)
9,

Caz+

+ Eo = S,

_26

provided a slowly varying assumption similar to (2) is

made for P, so that
-
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